SOME PROPERTIES OF THE FOURIER-TRANSFORM
ON SEMISIMPLE LIE GROUPS. III

BY
L. EHRENPREIS AND F. I. MAUTNER(Y)

1. Introduction. This is a continuation of Parts I and II (see Ehrenpreis
and Mautner [1] and [2]). Throughout the present Part III G is still the
group of conformal mappings of the unit disc. We continue our analysis and
study of various classes of complex valued functions on G, using the methods
and results developed in Parts I and II. In particular we are concerned with
certain linear spaces of functions on G which form (topological) algebras with
convolutions as product, their explicit characterization by use of the Fourier
transform on G, and their ideal theory. The Fourier transforms of the group
algebra D (of all indefinitely differentiable functions of compact support) and
E’ (the algebra of distributions of compact support) led to entire functions
of exponential type. It is of considerable importance to describe explicitly
algebras of functions on G whose Fourier transform leads to functions which
are regular in a given strip. Thus we shall introduce in §3 below for each real
number p=1 and =2 an algebra S? of functions f(g) on G whose Fourier
transform we can again describe completely. Using this we can study the
ideals of S?. For p =2 we obtain the rather complete result that every closed
two-sided ideal of S?is the intersection of the primary two-sided closed ideals
containing it. The results of §3 are used in §4 to obtain further results about
the expansion of mean-periodic functions on G obtained in §5 and §6 of
Part II. To study the spectrum of a two-sided mean-periodic function on G
in detail we consider (in §5 below) the closed two-sided ideals of the group-
algebras D and E’. One of the main results of this section is a rather complete
description of the closed two-sided ideals of D and E’ in terms of a spectrum
which consists of a (discrete) subset of the complex plane with certain integers
(orders of vanishing) attached to its points. This can be used (in §6) to
introduce the spectrum of any two-sided mean periodic function on G and
to relate it to the expansion of §5 and §6 of Part II. In the next section (§7)
we study ideals of L!(G) and related algebras; among other things we show
that an analogue of Wiener’s theorem is false. We thus obtain a rather com-
prehensive study of various function spaces on G.

Functions on homogeneous spaces of a noncompact group behave in gen-
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eral in a quite different manner from functions on the group itself and their

study requires new methods. In §8 we treat the case where I' is any discrete

subgroup of G for which the factor space G/T' is compact. We study the

Fourier expansion on G/T'. This leads to an analogue of the Frobenius rec-

iprocity theorem, also to a new analogue of the Poisson-summation formula.

In §9 we drop the assumption that G/I' be compact, but restrict ourselves

to the case where I' is the modular group. We obtain an explicit character-

ization of a class of modular functions in terms of analytic functions satisfying

the functional equation of the zeta function of the field of Gaussian numbers.
We take this opportunity to correct some misprints in Part II:

p. 30, line -7: Pru W f= [0,:(g)f(g)dg, where Wy =P n.w,

p. 31, line 2: W is defined by: W -k =complex conjugate of W k.

p. 42, line -3: (4.32) [h(g)%mn(g, 3+it)dg=0,

p. 43, line 1: (4.33) [f(g)tmn(g, 3+1t)dg=0.

p. 46, lines -2 and -1: W-axf=a* Wxf=a*-fxW* where a*(g) =a(g™").

Throughout the rest of §5 (d)* should be replaced by a* and (IW)* by W*.

2. The Fourier transform of L?. Let L? = L?(G) denote the Lebesgue space

of all (equivalence classes of) complex-valued measurable functions f(g) on
G for which

@1 o= { f |5 big} " <

where dg refers to Haar-measure on G (normalized once and for all). By
L? we denote the subspace of all those f(g) €L? which are spherical of type
m, n (the space L, was denoted by 4, in Part I). Note that f&E L2, is equiva-
lent to

(2.2) fo "I #g0 |7 sinh 2¢a¢

being absolutely convergent (in the sense of Lebesgue) because | f(kggx)l

=|f(g)| for f(g) spherical.
Let us consider the function k(g) on G defined by h(kgik) =e~¢f(kg:x).

LeMMA 2.1. If f(g) ELL, then h(g) ELL, for any real number ¢>1/q where
(2.3 PRI
. > . .

Moreover the integral [ e=3f(g;) 8 converges absolutely and uniformly in c for
c21/q+e, (e>0).

Proof. To prove that k(g) ©L), it is sufficient to prove that e ?¥&L?
(0<¢ < o; 87) because |f(kgk)| =|f(g)| for f(g) spherical. Now
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f I 2t [q;g- = f e~244 sinh 2¢d¢
o 0

< f e~2(etela ginh 2¢dE < f e ddy
0 0

for ¢>1/q+e. The last integral exists and is independent of ¢, which proves
Lemma 2.1.

LEMMA 2.2. Let s be any complex number in the strip 0 <Rs<1. Then
| t4mn(ges 5) | =< const. ¢ %{min (@,1-0)}

where the constant is independent of m, n and . If s is in a strip e<Rs <1 —e
(e>0) then the constant is also independent of s.

Proof. Consider first #oo(g, s) =¢(g, s). In accordance with (4.9) of Part I
(p. 4.20) there are functions ¢ (V'(g, s) and ¢ ¥ (g, s) such that ¢(g, s) =M (g, 5)
+¢ (g, 5), where ¢ (g, s) =¢M (g, 1 —s) and ¢V (g, s) =0(e~%°) uniformly
in s for Rs=0>€¢>0 and all £>0. This proves Lemma 2.2 for (m, #) = (0, 0).
The general case now follows from the inequality |#,.(g, )| <o(g, o) (see
e.g. p. 412 of Part I).

THEOREM 2.1. Iff(g) eL’ then
mnlS) = Umn\g, S d

converges for fixed m, n and s absolutely (Lebesgue) provided

(2.4) 1/¢ < Rs < 1/p
and uniformly in m and n, and s for
(2.5) 1/¢g+ eSS RsS1/p—e (e > 0).

Hence Fun(s) is a regular analytic function of s in the open strip (2.4).
Theorem 2.1 is an immediate consequence of Lemmas 2.1 and 2.2.

3. The group algebra S», its Fourier transform and ideal theory. For any
real number p=1 and =2 let S, consist of all indefinitely differentiable
spherical functions f(g) on G which are of fixed type m, n and satisfy

e—zf/l’

3.1 (0f) (kgex) = O (m)

for all integers j=0 and for every polynomial 9 in the elements of the Lie
algebra of G (considered as both left and right differential operators on G).

LEmMA 3.1. SPCL* for any real number r = p.
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Proof. By (3.1) If(kg;;c) ’=O(e“2f’“’/(1—l—| §‘| 7)). By the expression
d(kgek) =sinh 2{d{dkdx for the Haar-measure, the result follows for r = p.
We now define a topology on S5, by the semi-norms

3.2 sup (1 + | ¢10ex/2 | (of) (kgse) | 5

15,8

for every integer j=0 and every d as above. This family of semi-norms is
used to define the topology of S%,. We can easily prove:

Lemma 3.2. S, is a complete metrizable locally convex topological vector-
space. It is also a Schwartz space in the sense of Grothendieck [1].

LemMmA 3.3. For fixed m and n, and 0 SRs =1,

o7
o umn(gl’) S)

< const g—;’e—npnin (¢,1—0) }
as?

where the constant is independent of m, n and ¢. If s is in a sirip —e=Rs
<1-e€then the constant can be chosen independent of s.

Proof. We have (see Part 1, pp. 408-409)

dg:f
8¢ e21rin0d0

1
umn(gf) 3) =f e“"’”’”"f"
0

gfol
=f01

1
= ZJ'f [logf I cosh ¢ 4+ 2*% sinh §'| ]
0

so that

8

97

as?
EY

) exp { —2s log | cosh ¢ + ¢2*# sinh ¢ |} dg
s

97
— Umn y S
dsi (&, %)

dg;O

do

— exp { —2s log| cosh ¢ + €27 sinh ¢ }ae.

Hence,

1
=< (2§‘)"f exp (—2¢ log | cosh ¢ + 2% sinh ;[ }do
0

Py,
— Umn y S
Py (g, 9)

= (2¢)7uoo(gs, 0).
Now we use (4.9) of Part I (p. 420) whereby we may write (#oo(g;, §)
=¢((, 5)),
o5, 5) = ¢V(, 5) + 0P((, 9)
where ¢® (¢, 5) =¢@(f, 1 —s) and, by Equation (4.10) of Part I, (y =sinh?{)
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sin? s

1
SW(E,s) = y-r f P11 — 7)Y — r/3)—vdr.
0

m sin 2rs
Thus, for —e<0=3/2—¢, we obtain
|(s = 1/2)¢D(8, ) I < const (1 + | sl Je e
where the constant is independent of s. Hence, by the above
| s — 1/2)¢(s, 5)| < const (1 + | s|)e%min @1

where the constant is independent of s as long as —e<Rs<1+e¢. The lemma
follows from this and the fact that ¢(¢, s) is analytic in s.

By the above lemma, given any fES%,, the integral [f(g)%ma(g, s)dg con-
verges uniformly for s in the strip 1/¢<Rs<1/p and defines, in fact a func-
tion F(s) =(Zof)(s) which is indefinitely differentiable and bounded in the
closed strip and analytic in the interior. (If p =2, the strip degenerates to the
line Rs=1/2 and F(1/2+1it) is a bounded indefinitely differentiable function
of ¢.) Also if A denotes the Laplacian on G, then AfES?, for any j by the
definition of Sh,. Moreover, by the self-adjointness of A, we derive easily,

[ @ @tmts, 15 = [ 1(6)Mitmn(s, g

= si(1 — s)F(s).

Thus, by our above remarks (d/ds") [s7(1 —s?) F(s) ] is for every » =1 bounded
in the strip 1/¢ < Rs =<1/p. It is clear from the definitions and from formulas
(3.4) of Part I that F(1 —5) =Xua(s)F(s) where Xm.(s) is defined in Part I,
p. 414, formulas (3.5).

For any f& S}, we define Ef as the triple $f = (F(s), f+(), f~(1)) where

o= f F@)viale, Ddg fori=1,2,3, -, min (m, n) + 1
and

o) = f f@vm(e, Ddg  fori=1,2,3,- - min(—m, —n) +1.

Here 9%,(g, /) denote again the matrix coefficients of the discrete series of
irreducible unitary representations (cf. (1.5)—(1.10) of Part II).

Let us denote by 3%, the space of triples { H(s), h+(l), h‘(l)} where H(s)
is an analytic function in 1/¢ <Rs<1/p and indefinitely differentiable in the
closure of this strip; H(1 —s) = xma(s)H(s), and for any 7, r, (1+ | s\ (diH/ds?)
-(s) is uniformly bounded in the closed strip; and where %+(/) is a finite se-
quence of complex numbers defined for /=1, - - -, 14+ min (m, #) and A=(I)
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is defined for I=1, - - -, 14+min (—m, —=n); and where, for p=1, H(0)
=H(1)=0 if m=0 and 7 <0, or if m 0, n>0(?). We define in 57, a locally
convex topology by means of the semi-norms

Grm)ol}

for all integers 7, j 0. It is readily verified that SZ, is a complete, metrizable,
locally convex topological vector space which is a Schwartz space (see Groth-
endieck [1]).

THEOREM 3.1. T is a topological isomorphism of S%, onto S2,.

(3.3) sup {I B0, @), L+ | s]7)

l l/qSRsS 1/p

Proof. We have shown above that T maps S2, into S%,. (In case p=1 we
use Lemma 1.4 of Part II and the above.) Since ¥ is linear, we need prove
continuity only at 0. Suppose fi—0 in S%,. Then clearly f7—0 in L2; since for
each ! we have v%,(g, I)EL?, it follows that for each I, fit(l)—0. Also, for
any non-negative integers a and b, we have, by the definition of the topology
of Sy,

eXir(1 + 9 | (A7) (g)| —0

uniformly in ¢. It follows thus from Lemma 3.3 and the expression dg
=dk sinh 2{d{d« that, for any a’, b’, we have

(o]

uniformly for 1/¢<Rs<1/p. Thus, Tfi—0 in 5%, so T is continuous.

To prove that £ is onto and that T~! is continuous, we shall consider
first the case m =n=0. In this case, if {H(s), rt (), h‘(l)} is a triple in 5%,
the terms h*(l) and A~ () do not appear, so we may identify the triple
{H(s), rt(l), h‘(l)} with the function H(s) and S%; is identified with a space
of functions H(s).

The fact that T is a topological isomorphism of Sy, onto Sj, is proven in
Part I, Theorem 4. (Note that Sk, and S}, were denoted in Part I by S and S
respectively.) We give now the modifications that must be made in case
1<p=2. We shall write, as in Part I, uoo(gs, s) =¢({, s), and y =sinh? {. Then,
as in formula 4.10 of Part I, we write ¢({, s) =M (¢, )+ (¢, s). Now, if
H(s) € 5%, it follows from Lemma 3.3 that the integral [}/a+ie H(s)p DV (g, 5)8s
where 8s=14(1/2—s) tan [r(1/2—s)]ds defines a continuous function A(g)
which is spherical of type (0, 0). Moreover, k(g) EL:(G) and, as in Part I,
pp. 421-422, H(s) = [h(g)p (g, $)dg = (Th)(s).

We have to show first that hES],. We write

1+ |s|*)

() In case p=1, F(1) =wma(1)H(1) for those m, n for which A*(1) or k(1) is defined (cf.
(1.9) and (1.10) of Part II).
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v (y, s) = (4/2)(1/2 — 5) tan [r(1/2 — 5)](sin? xs/x sin 2xs)
. fl(l — 7)1 — 7/y)"4dr,
0
Then, using (4.10) of Part I, p. 420, we have

1/2+40
(3.9 W) = [ H@y 0, 9ds
1/2—i0
where y =sinh? {. We now use the fact that H(s) is in 5%, so H(s) is analytic
in the strip 1/¢ <Rs <1/p and rapidly decreasing in the closed strip 1/¢ <Rs
=1/p. On the other hand, inequality (4.11) of Part I, p. 421, shows us that,
fory=2,1/4<Rs=1, we have ¢V (y, s) éBoI s(1 —s)l for some By >0. Thus,
we can shift the contour in (3.4) if y=2 and we obtain

1/p+i0
(3.5) i) = [T EGy 0, 9as,
1/p—in
Now, we have shown in Part I, pp. 419-420, that, given any d which is a
polynomial in the elements of the Lie algebra of G and any compact set C
in G, we can find a polynomial P(s) such that

| @8)(g )| = | P(s)]

whenever g€C and 0SRs=<1. Thus, [{/3+=H(s)(3¢)(g, s)ds converges uni-
formly in compact sets of G for HES},. This means that k(g) is indefinitely
differentiable and, using (6.26) of Bargmann [1] and Lemma 2.6 of Part II,
we can find a polynomial Q(s) such that

1/2+i0
3.6) @@ = [ 00Ee, 5.
1/2—10
Since s7(1 —s)"H(s) is in 53, whenever HE 5%, formula (3.95) shows us that
1/p+ic
3.7 @@ = [ 0w aE(E, 95s.
1/p—ico

We shall now use the following analog of Lemma 4.1 of Part I, p. 422.
The proof is exactly the same as the proof of Lemma 4.1 as given in Part I,
p. 423:

LemMA 3.4. (a) k(y) is bounded. Moreover we can find an N>O0 so that the
condition lH(s)[ ée/(HIsI’) whenever 1/gSRsS1/p implies |h(y)| <eN for
all y.

(b) For any r>0 we can find a B,,>0 so that if

Hi) S/ + |s]D, -+, | @/dsNHE)| = /4 |s]3).
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Whenever 1/q<Rs£1/p, then
| y117 log” yh(y) | = €Byo
for all y=2.
By use of the lemma for Q(s)H(s) in place of H(s), we find that
y'7 log” y dh(y) and 9h(y)

are bounded functions. Now, for y large, y = sinh? { ~ ¢, so that
e”“’(l—l—[{[ M0k(¢) is bounded for all {. This means that K& .S,

Also, by making

[0WHE) | ¢/ + [s]), -+, [(@/dsNQOHG)| < /(1 + | 5]
we can be assured that

| 117 logry 0h(y) | < eBy  fory = 2
and
|of(6)| < eN  forallg.

This, in turn, implies the existence of a positive constant B}, so that
A+ [e[exr| hE) | = Bl

which means that £-! is continuous at zero. Since ! is clearly linear, it is
continuous. Thus, T is a topological isomorphism of S5, onto 5%,
In case p=1, we assume first that H(0) =H(1) =0 if (m, n) (0, 0)(3).
Let us now consider the case of m, n arbitrary. For {H (s), kt(D), h‘(l)}
€32, set

ha(g) = 30 ()vmae, D20 — 1]102,
:
From the expression (11.2) of Bargmann [1] for the v%,(g, 1) and the fact that

Avi.(g, ) =1(1-DvE,(g, 1), we see that hi(g) ES?, unless p=1=1 and, in
fact, the maps {H(s), (), h‘(l)}—>hi(g) are continuous linear maps of 5%,

into S%,.
Set
F(s) = H(s)/nma(s)

where

In] Im]

MG-9IlG-1+9 if|n] = [m],
(3.8) mn(5) = ]:ul o {m]

[MG-1+9I1G-9 if|[m| = [n].

(®) So that, if p=1, AE(1)=0.
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Then it is clear that F(s) €83 and that the map {H(s), k*+(l), k() } =F(s)
is a continuous linear map of 3%, into S%,. Write f=(T~'F), so by our previous
result for 3%, we have f&€S% and { H(s), k*+(l), h=~(l) } —f(g) is a continuous
linear map of S, into S§. By Lemma 2.6 of Part II, we can find an €, which
is a polynomial in left and right derivatives on G (by elements of the Lie
algebra of G) such that ko =enaf.

We need the following

LeMMA 3.5. The map f'—enf is a continuous linear map of Sh, into Sh,.

Let us assume Lemma 3.5 for the present and conclude the proof of
Theorem 3.1 (with our restriction in case p=1 that H(1) =H(0)=0). The
above shows that {H(s), ht(l), k=) }——»ho(g) is a continuous linear map of
52, into SZ,. Now, let us set

h(g) = ho(g) + hi(g) + h_(g).

We have shown that {H (s), +(0), B=(1) }—>h(g) is a continuous linear map
of 52, into SZ,. On the other hand, it follows from Lemma 2.6 of Part II that
Th= {H(s), h*(), k=())}. This concludes the proof of Theorem 3.1. It re-
mains to prove Lemma 3.5.

Proof of Lemma 3.5. The topology of S%, is defined in terms of the semi-
norms (3.2). Since e, is a differential operator on G obtained from the Lie
algebra of G (considered as both left and right differential operators) by
taking polynomials, the result is immediate.

The case p=1 concluded. We assume now that H(0) or H(1)0 (which
can occur for only certain values of (m, #) by the definition of SL,). To con-
clude the proof for p=1, we note that in Part II (see the final step in the
proof of Theorem 2.1 of Part II) we showed that, for any H(s) ES%, we can
find an H(s) €ES4Dmns such that

H(1) — H(1)H,(1) = H(0) — H(1)H,(0) = 0.

Thus, H(s) —H(1)Hi(s) = H'(s) satisfies our previous condition, and the result
follows easily from the above and Theorem 2.1 of Part II.

CorOLLARY. For any m, n, r, let fES,, and h&S,,.. Then (f, h)—f*h is a
continuous linear map of St,XS%, into Sk,.

Proof. Let fi be a sequence in D,, such that fiof in S%,. Write Tf/
={Fi(s), fit(V), =D}, Tf={F(s), £¥Q), O}, Th={H(s), B+(1), b= }.
Then (see e.g. Part II) T(fixh)={Fi(s)H(s), fi+()r+(l), fi-Or@)}. By
Theorem 3.1 and the definition of the topologies of 52,, 3%, 52, it follows
that T'(f7 *k) converges to {F ($)H(s), fr()h+(@), f~(Dh=()} in the topology of
S?,. Since fi*h—f*h in the topology of D, it follows that T(f*k) = {F (s)H(s),
O+, f“(l)h‘(l)}. The continuity of the map (f, #)—f*k now follows
from Theorem 3.1 and the definition of the topology of 52,.
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COROLLARY. For any m, Sh, ts a topological algebra under convolution.

We now define for each fixed p=1, =2 the group algebra S? as the weak
direct sum of the spaces S5, as follows: Let f(g) be any (continuous) complex-
valued function on G. We let

f € S”if and only if Ppaf € Sna for all m, n

3.9
3-9) and Pp.f = 0 for all but a finite number of m, n.

We define a topology on S? by considering for each pair of integers M, N>0
the finite direct sum SPM:N ="\ y 1.1<x Sh, of the spaces SZ, with the
Cartesian product topology. Clearly S? is the limit of these spaces as M— =
and N— » and we define the topology of S? to be the inductive limit topology
in the sense of Dieudonné and Schwartz [1] of the spaces S»-M.¥,

ProrosiTiON 3.1. For each p=1 and =2, S? is a topological algebra with
convolution as product. Under addition of functions it is a locally convex metriza-
ble complete topological vector space. The projection P .. SP—Sh, is for each m, n
a continuous linear mapping.

This is an immediate consequence of Proposition 5 of Dieudonné and
Schwartz [1] together with the above properties of the spaces SZ,.

We next define the algebra S? to consist of all triples of matrices
{H,,,,,(s), hh(D), h;,,(l)} which are for each fixed m, # contained in the above
space S7,. We assume that H,.(s) is identically zero in s and kZ,(]) is identi-
cally zero in [ for all but a finite number of pairs m, n. We put on S, the in-
ductive limit topology of the spaces D imisainisy o We make S? into an
algebra by defining sum point-wise (i.e. by addition for each s, I, m, n) while
the product is defined by matrix-multiplication for each s and I:

{ Ann(s), Gmn®; Gmn D} - { Ban(5); BmnD), b))
= { > Ani(S)Bin(s)y 2 miDbm(®), 2 a;,-(ob;.@} :
i i i
From the above properties of the 5%, and the properties of an inductive limit

one obtains

PROPOSITION 3.2. 57 is a topological algebra. It is a locally convex metrizable
complete topological vector space. The projection SP— Sy, is for each m, n a con-
tinuous linear mapping.

Using again the above results and the properties of an inductive limit we
have

THEOREM 3.2. The mapping T is a topological isomorphism of S? onto S».

Let C3» be the set of all those triples {Hma(s), (), bun(l)} €57 for
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which kZ,(I) =0 for all I, m, n. It is clear that CS? is a closed two-sided ideal
of S». Let 3% be the set of all those triples €57 for which Hn.(s)=0 and
Im(2) =0 identically. Similarly S” is defined by H.(s) =0 for all s, m, » and
Bin(5) =0 for all m, n, I. Clearly 8% and 5? are closed two-sided ideals of S»
and

(3.10) ¥=c¥oSoi.
We write CS?=T-1C3», S} =T-15% and have

sSS=cSe®Ss, oS5
We denote C5?N\5%, by CS2,.
LeEMMA 3.6. Let J be a closed two-sided ideal of CS?. If 1 <p <2 the mapping

(3.11) J—J N C8p

is a 1-1 correspondence between all closed two-sided ideals of CS? and all closed
ideals of the commutative algebra CS%,.

Proof. Consider the functions 9m.(s) defined by (3.8) above. Let Jo be a
closed ideal of the algebra C3%,. The elements of CS%, are certain functions
H(s)=H(1—s). It is clear from the definitions of 5%, and #fm.(s) that if
H(s) € CS}, then 7,0(s)noa(s) I (s) E CS?, for each m, n. As H(s) varies over
Joo, the functions 9mo(s)ne.(s)H(s) vary for fixed m, n over a closed left-
submodule of C3%, (over CS%,) which we denote by Jy,.

Now given a closed two-sided ideal J of CS», put Joo=JNC3%,. Let
Tmn=1mo(s) Joonon(s). Let I be the closed two-sided ideal generated by Jy, in
C3». Write Sma=3NC3%,. Clearly FCJ, hence SmnCJma for each m, n.
We wish to prove that J,, C Sma. It is enough to show that J,..C .

By an easy approximation argument it follows that 9,.(s) can be ap-
proximated by elements of C32, in such a manner that Nmo(s) Joonon(s) T &,
i.e. Jms C© Q. This proves that Spn=Jnm, for all m, n.

We prove next that Jn., = J N C3%,. Since ()T S J, 50 Jumn
=0mo(8) Joonon(s) ©J. Thus JnnCSINCS?,. Now %ma(s) has no zeros in the
strip 0 <Rs <1, so that 9,..(s)~! is regular in this strip and bounded, so that
it can be approximated by elements of C5?%, so that 9on(s) "} (JN C32) nao(s)~?
C Joo. We conclude that J,,=JNC3%,.

Let & be the matrix whose m, nth component is 8;.8;.. We can approxi-
mate the function 1 by functions ¢C3%,, so that &"JCJ for any closed two-
sided ideal of CS?. Also clearly &m(C37)&"CCS?,. Thus &"J&»CJNCT2,,.
On the other hand JNCS%,C8"Jg is obvious. Thus &"J&»=JNCS?,
= Jmn and 8"38" = Fpn.

We have already seen above that Smn=Jmns for all m, n, hence &»3&»
=gmJg" for all m, n. This implies that §=J.
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ProProsITION 3.3. Every proper closed ideal J of the commutative topological
algebra Sh, is the intersection of the primary closed ideals containing it.

By a primary closed (left, right, two-sided) ideal we mean a (left, right,
two sided) closed ideal which is is contained in one (left, right, two-sided)
maximal closed ideal.

Proof. Let & be the algebra of all indefinitely differentiable functions of
one real variable ¢ which are rapidly decreasing (i.e. every derivative is
O(I tl ) for all j). In the topology of Schwartz & is a topological algebra with
point-wise multiplication as product. By a theorem of Whitney [1] every
closed proper ideal of & is determined by its zeros with multiplicities.

Now given any A& Sh,; its Fourier transform H(1/2+4t)=H(1/2—1it) is
an even function of ¢ contained in 2 and 53, C& and the topology of 32, is
the same as that induced by &.

Now given any proper closed ideal J of 3%, consider the closed ideal J&
generated by J in &. If FEJSNS3, then F=lim Y H,A, where H,&J and
A.ES. Then F(1/2+it) =lim Y H.(1/2+it)27 {A.(1/2+it) +A(1/2—1t) }.
Put B.(1/2+it) =2"1{4.(1/2+it) +A.(1/2—it)}. Then B,ESJZ and F
=lim Y_H.B.. Thus FEJ. This proves that J&N3%=J. Now if J; is
another closed ideal of SZ, with the same zeros and multiplicities as J, then
by the above mentioned theorem of Whitney [1] JS=7J,&. Hence J=J,.

Now the maximal closed ideals of 53, are given by the pair of points
1/2+41t, 1/2 —1t as follows easily from the knowledge of all maximal ideals of
©. It follows that each primary ideal of SZ, consists of all those h& Sz, for
which H(1/2+1t) vanishes at one point #, up to a given order. This proves
Proposition 3.3.

As an immediate consequence of Proposition 3.3 and Lemma 3.6 we have

COROLLARY. Every closed proper two-sided ideal of the algebra CS? is the
intersection of the two-sided primary closed ideals which contain 1.

We next consider the two-sided ideals of 5% for 1 <p<2. For each 122
let 5%.(I) be the set of ht,(I) for h*ES%. Thus, 57 (1) is the algebra of matrices
@mn of complex numbers for m, n=1, where @n, =0 except for a finite number
of m and #. It is readily verified that the algebra 3% (/) is simple.

Now, let & be any two-sided ideal in 5% ; by 3(J) we denote 3M.5% (1), so
S(J) is an ideal in §% which is contained in §. By the simplicity of 3% (),
() =10}, or () =5%(). If I() = {0}, we say that 3 is zero at /.

We claim that & is determined by its zeros. For, suppose that J is another
two-sided ideal in S‘?}_ which has the same zeros as & and let A*&J. Then
(1) =0 for all  except for a finite number of m and #; hence, k},(!) =0 for
all m and 7 if 1 is large enough, say if /= L. Now, for any I, h*(]) EJ because
() =8%.(2) if h*+(1) #0. Now, clearly, A+ = > i<z (D), so that we have AtE S
since each AH(1)EJ() CZ. This proves that JCI; by similar reasoning,
YCJT,s0 F=J.
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A similar argument can be applied to the algebra 5” for 1 <p<2.

PRrOPOSITION 3.4. Let 1 <p=2. Then every two-sided ideal in 5% or 5% is
closed and is determined by its zeros. Thus, every two-sided ideal in S, ®S” is
the intersection of the maximal two-sided ideals which contain it.

Proof. By the above, every two-sided ideal & in 5% is determined by its
zeros. It follows easily that & is closed. It is also readily verified that the
only maximal two-sided ideals in S% are the ideals J; consisting of all A+& 5%
with A*(J) =0. A similar result holds for S?. Proposition 3.4 then follows im-
mediately.

Combining Propositions 3.3 and 3.4 we obtain immediately

THEOREM 3.3. Every proper closed two-sided ideal of the group algebra S? is
the intersection of the two-sided primary closed ideals which contain it.

4. Mean periodic functions of fixed type m, n. In §5 of Part II we have
studied mean periodic functions €E,.. We shall now derive further properties
of such functions.

LemMA 4.1. Let f&E E,.n be mean periodic in the sense of §5 of Part I1. Let

(4.1) @) = 5 3 a6, 5
i e=1

be the mean-periodic expansion of f(g) obtained in §5 of Part 11. (Here the sum
33 is in the sense of the summability explained at the end of §5 of Part 11.)

AsseERTION: For each j there exists an element W;E E/,,, such that

4.2) Z e, 55 = (W) ().

Here W; is given by the expression

1
(4.3) (o) (5) = {I W} @I,

0 7

where {1 / ioW},j(s) denotes the principal part of the Laurent expansion of
the mermorphic function [(ToW)(s)]~! at the point s;. (Note that since
WEE!., its Fourier transform T,W is a numerical valued entire function of
exponential type (cf. §4 of Part II) denoted by (T, W(s)).

Proof. We denote again by £’ the topological vector space of Schwartz of
all entire functions of s of exponential type which are slowly increasing along
Rs=1/2. For any fEE,., we define a continuous linear function (denoted
again by Tf) on the space E’ by putting for any H=H(s) EE’

(4.4) Tf-H = If {27 nma(s) [H(s) + H(L — 9)]},
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where fma(s) is defined by formula (3.8) of §3 above. Note that the right
side of (4.4) is well defined, since 2='9,.(s) [H(s) +H(1 —s)] is contained in
the space ToEn of §4 of Part II and £f is in the dual of ToEl.. We have
to show that Tf-H is continuous on E’. It follows from Theorem 4.3 of
Part II that H(s)—2 " 'ma(s) [H(s) +H(1—s)] is a linear map of E’ into
ToEmm» which takes bounded sets into bounded sets. Since £f is continuous
on ToE,,, it follows that the linear function H—ZIf-H is bounded on the
bounded sets of E'. Since E’ is bornologic (see Grothendieck [1]), it follows
that $f-H is continuous on E'.

Now we use the fact that f(g) is mean periodic in E,,. Hence by Proposi-
tion 5.1 of §5 of Part II there exists an element W of E}.,, such that Wxf=0.
It follows that for any HEE’

(4.5) Tf-{ (T W)(s)H(s)} = 0.

Hence we can apply the theory of L. Schwartz [3] and conclude that the
linear function ¥f on £’ has a formal expansion ».;» 4, djqég.’) where Bﬁg’
denotes the ¢gth derivative of the delta measure of the point s;. Moreover

rj A 1
(4.6) zldjqa.‘,.’= «{IOW} @)

in accordance with formula (29) and (32) of L. Schwartz [3]. To prove the
lemma we only have to apply T—%.

LEMMA 4.2. Let oo, au, - - + , oty be arbitrary given complex numbers. Let s,
be a complex number with Rso>1/p. Then there exist entire functions ¥,(s)
=y,(1 —5) of exponential type, rapidly decreasing along Rs=1/2 such that
ay, . o1

= 0 uniformly in — = Rs £ —
ds*

4.7 lim (1 4+ | s]?) .

y— 0

for any non-negative integers j and u, but
(20)

(4.8) lim Za,,w' = «,
Vo0 | pu dS“

Proof. Consider the class of all complex-valued indefinitely differentiable
even functions f(x) of a real variable x for which

af exp {(1/2 — 1/p>|xl}‘
dx® 14+ I x lu

<

= Ca,b

(4.9)

for all non-negative integers a, b and all real numbers x; here ¢, are con-
stants independent of x. This class of functions f(x) is clearly a linear space
on which we define topology by the sequence of semi-norms



1959] THE FOURIER-TRANSFORM ON SEMISIMPLE LIE GROUPS 445

21+ [ o] exp {(—;;——;—)le}

dx

(e, b=0, 1, 2, - - - ). We thus obtain a locally convex, complete topological
vector space. Its image under the classical Fourier transform f(x)
— [f(x)e=@~Un=dx = F(s) is precisely the space S%, defined above (and this
mapping is a topological isomorphism). If A(x) =k(—x) is indefinitely differ-
entiable and of compact support and if H(s) = [k(x)e~¢~1/»zdx then

r dnH r

> (s0) = X o | areCo—lD2p(x)dx.

B=0 ds* n=0

(4.10) suD

—0<ro

Now, Y _o a,xkte®=1D=z does not lie in the dual of the space defined by (4.9)
and (4.10) for Rso>1/p. Thus we can find a sequence of even indefinitely
differentiable functions f,(x) of compact support which converge in the topol-
ogy (4.10) to a function f(x) in the space (4.9) but such that

o r
D auareom 1Dz, (1) dx

—o0 p=0

lim

V— 0

= 00,

Now take ¥,(s) = [f,(x)e“~Y»=dx and the lemma follows.

THEOREM 4.1. Let m and n be fixed integers. Let so be any complex number
with Rso>1/p. Let Bo, Br, + + -, Br be given complex numbers, such that Bo=0
if m-n>0 and s is an integer satisfying 1 <so<1-+min {|m|, |n|} or if so is
an integer for Which Uma(g, so) =0 for all gEG (see formulas (2.15) and (2.15a)
of Part 11). Then D o B.u(g, o) is not in the dual of S,

Proof. It is an immediate consequence of Theorem 2.1 of §2 of Part II
that we can find a function F(s) EZ¢Dma such that

(a) If mn>0, then F(s)=0 for s=2,3, - - -, 14min (|m| , Inl)

(b) If mn>0 and s¢=2, 3, - - -+, 1+min (|m[, |n|), or if 5o is an integer
for which #ma(g, s0) =0 identically in G, then F(W(so) =1 and F@(s,) =0 for
j=0,2,3,---,7

(c) If so is not an integer satisfying the conditions imposed in (b), then
F(so) =1, F(s0) =0 for j=1,2, - - -, 7.

By the above lemma, we can find a sequence of functions v, satisfying
(4.7) and (4.8), where we set o, =, if 59 is not one of the exceptional integers
described in the statement of Theorem 4.1, or a,=0,/r if 5o is one of those
integers. For each », let us set H,= FY,, so H, is in T,D,,, by the above con-
struction and Theorem 2.1 of Part I.

Denote by &, =%5"'H,, 50 7,& Dmn. Moreover, Th,= { H,(s), 0, 0} because,
if mn>0 then H,(l)=0 for =2, 3, - - -, 1+min (|m|, |#|). Thus, by the
definition of the topology of 8%, and Theorem 3.2, {k,} converges in SZ,.
On the other hand,
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’ JE pat e, sangag| = | £ [ﬂ [t omtortg ]|

=0 ds* —so
. ) . )

= | 2 BH, (s0)| = | 2 oy (s0)| > =
=0 u=0

as v— . Thus, 22_1 B (g, so) cannot lie in the dual of S, which is the
desired result.

THEOREM 4.2. Let f& E ., be mean periodic and let 1 <p 2. If f is in the
dual of S, then the set of complex numbers s; which occurs in the mean-periodic
expansion (4.1) is contained in the union of the strip 1/q<Rs=<1/p and the
rational integers.

Proof. The mean periodic expansion of f of §5 of Part II is of the form

(q)
Z Z diqu':n(gy 55).

We have shown (see Lemma 4.1) that, for any 7,
Z djrufr{')t(g’ s) = W, *f
i

for some W,EE,,.. Now, it follows from the main theorem on the Fourier
transform of S%, that W,*S5,CSE,.. Thus, Wf&E(S%,)’, the dual of S%,,. But,
we have already shown that »_; d;u%(g, s,) E(S%,) can occur in only two
cases: if 1/¢=<Rs,=1/p, or if 5, is an integer, and j=0, and u#.n.(g, s.) belongs
to the discrete series of unitary representations of G. This completes the
proof.

5. The ideals of D and G’. Let i be the set of all matrices (an.,) which
are rapidly decreasing in m and 7, i.e. satisfy @m.=O0(|m|=?-|n|-9) for all
positive p, ¢. Here m and #» vary either over all integers or over all integers
= some fixed / (or £ some fixed /). We topologize R by saying that any
polynomial Q(m, #) and any €>0 define an open neighborhood of (@) con-
sisting of all (x,s) ER with lQ(m, n)- (x,,.,.—a,,.,‘)‘ <e. The open sets of RN are
to be the unions of these open neighborhoods. With ordinary matrix-multi-
plication as product, R is easily seen to be a locally convex topological alge-
bra with the continuous involution (@mn)—(@ms)* =@nm. If m and » vary
over all integers, then R is clearly topologically isomorphic to the algebra of
all indefinitely differentiable functions on the 2-dimensional torus with
Joa(a, ¥)b(y, z)dy as product, as follows at once using Fourier series in two
real variables (see for example Schwartz [4]). Let 8 be the topological vector
space of all rapidly decreasing sequences with the topology defined by all
polynomials Q(m) in one variable. The elements of 9% can be considered as
continuous endomorphisms of B by putting for (x,) EB, (Gmn) : Xm—> Z,. AmnXn.
Clearly this is simultaneously continuous in (@) ER and (x.) ED.
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We shall now study the ideals of the group algebras D and E’. We first
note

LEMMA 5.1. The mapping J—JND is a 1-1 correspondence between all
closed left- (right-, two-sided) ideals J of E' and all closed left- (right-, two-sided)
ideals of D.

Proof. Let J be any closed left ideal of E’. Since D+E'CD, we have
DxJCDNJCJ. Therefore for their closures in E’ we have C1(D+J) CCI(DNJ)
CJ. For any WEE' there exist elements f;&D such that W=Ilim f*xW;
hence C1(D*J)=J and so also CI(DN\J)=J. This proves that the mapping
J—DMN\J is one-one. Moreover since the topology of D is stronger than that
induced by E’, DN\J is a closed left-ideal of D. It remains to prove that every
closed left-ideal & of D is of the form DN\J where J is a closed left-ideal of E’.
Let J be the closure § of & in E/, J=8. We have to prove that N\D=3.
Let WES, then there are elements f,& S such that f,—W in the topology
of E’. Hence by the continuity of convolution, h*f,—h*W in the topology of
D, thus D+§C . On the other hand D+I is dense in I in the topology of D.
But Dx§CDNG. Also D+S is dense in DN\J in the topology, because for
any fEDN there are elements f;& D with f;—f in the topology of E’, hence
again by the continuity of convolution k*f;—hxf in the topology of D. This
proves that DN\& = 3. This completes the proof of Lemma 5.1 for left-ideals.
The same argument applies to closed right-ideals, hence also to closed two-
sided ideals.

LEMMA 5.2. Let J, be the set of all those fED for which Fun(s) =0 for all m
and n, for this given s. Then J, is a proper closed two-sided ideal of D. J, is
self-adjoint if and only if Rs=1/2, or s is a real number which is not an integer.

Proof. We know that for each fixed s the mapping f—F(s) = [Fna(s)] is a
homomorphism of D into the algebra R of all rapidly decreasing matrices
introduced at the beginning of this paragraph. This homomorphism is con-
tinuous by the corollary to Theorem 3.3 of Part II. Hence J, is a closed two-
sided ideal of D.

The assertion about the self-adjointness of J, is proved as follows. Sup-
pose that J; = J,. Then (PooJ,) * = PooJs = PooJ.. Hence the elementary spher-
ical function ¢(g, s) =uq(g, s) must satisfy ¢*(g, s) =¢(g, s) for this s. It
follows from Theorem 1 and Theorem 8 of Part I that this holds if and only
if Rs=1/2 or s is real.

If Rs=1/2, then U(g, s) is unitary, hence J, is clearly self-adjoint. Now
let s be real and f(g) EJ,, i.e.

f () thmn(g, 5)dg = Fa(s) = 0

for this s and all m, . Then
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[ 12 @unnte, 935 = [ st m, 512

= f F(g N ma(g, 5)dg = f f(@ma(g™?, 5)dg

= f () tham(g, 1 — 5)dg = f f(©uam(g, 1 — s)dg
= xom(5) f F(@tnn (8> 5)dg = xon(5) Fan(s).

If s#0, £1, £2, - - -, then xu.m(s) #0 for all #, m (see equation (3.5) of §3
of Part I or §1 above); hence Fn.(s) =0 if and only if xum(s) Fan(s) =0 for all
m, n. This proves that if s is any real number not an integer, then f&J, if
and only if f*&J,, i.e. J¥=J..

Now let s be any rational integer. It follows from Theorem 2.1 of Part I1I
that we can find integers m, n such that

(ZToDmn)(S) = 0, but (TeDwm)(S) # 0.

For this m, n the function x., has a pole of order 1 at s. Let f&€ D, such that
Tof has a zero of order 1 at s; by Theorem 2.1 of Part II such f exist. Then the
above shows that Fj, =XmnFmn is different from zero at s. Thus f&J,, but
f*& J,. This completes the proof of Lemma 5.2.

REMARK 1. If 5 is an integer, then by Theorem 5.1 below, there exist three
closed maximal two-sided ideals of D corresponding to s. By a similar reason-
ing one shows that each of these three ideals is self-adjoint.

LEMMA 5.3. Let J be a closed two-sided ideal of D. Then for any h&J and
any m, n=0, +1, +2, - - -, we have Pnh & J.

Proof. It is easily seen that
Pmnh = (Pmma) * h * (Prma)

where & is the delta-measure of 1EG. Now we may write §=lim f7 in the
topology of E’, where { fi} is a sequence of elements of D. The assertion of
Lemma 5.3 now follows from the continuity of the projections P;; (see
Lemma 2.1 of Part II) the continuity of convolution in the topology of D
and the fact that J is closed in D.

LeEMMA 5.4. Let J be a maximal two-sided closed ideal in D. For each m, n,
set Jun=JN\Dmun. Then each Jns is either a maximal closed left module over
D 07 is equal t0 Do

Proof. Assume there exists a proper closed left module & in D,.. over
Dpm such that §OJmn, §5%Tma. Let I be the closed two-sided ideal in D
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geng_rated by §‘UJ , and set Ipna=3MNDn,. We claim that S‘,,.,.=§‘. For, if
RrEZJT and fED, then by Lemma 2.5 of Part II and the continuity of con-
volution,

Pun(f# B) = 2 fms * b
]

where the series converges in D. Now, for j#m, hj»©J by Lemma 5.4. So,
since J is an ideal, fj*hinE JmaCS. On the other hand, h,,.,.ES‘ So, since 3‘
is a left module over Dys, fmm*h,,,nes Thus, for all j, fui*hjn ES; since & is
closed, this means that Pu.(f*h) ES‘

By the results of §5, of Part II, §‘ is also a closed right module over Dx.
Thus, by reasoning exactly as above, we see that P.(hxf) €§'.

Thus, & is a proper closed ideal which clearly contains J. This is impos-
sible since J was assumed to be maximal.

We shall now find all maximal closed two-sided ideals of D. Let J be a
maximal closed proper two-sided ideal; for each m, n, denote by Jpun=JMN D,
so by Lemma 5.4, J,., is either a maximal left module over D, or else Jpa,
=D,.. Since J#£D, for some p, ¢ we must have J,,#D,,, so J,, is a maxi-
mum left module over D,.,n. Thus, by the corollary to Theorem 5.1 of Part II
there is some complex number s¢ such that, if s is not an integer, J,, consists
of all F(s)&T,D,, for which F(so) =0, which if s, is an integer, either J,,
consists of all F(s) in ToD,, for which F(s,) =0, or else J,, consists of all
F(s)ET D,y with F'(s0) =0 (depending on the values of p and g). There are
now two possibilities:

CASE 1. s¢ is not an integer. We claim that, for any m, 5, J,, consists of
all H(s) €T 4D, which satisfy H(so) =0. For, assume first there is an H(s)
E Jma wWith H(sg) #0.

Let us set (see §2 of Part II) for |n| = |m|

|n| |m|
(5.1a) Tn () =jHl(j"$)Hl(j"1+*‘)

and define 9aa(s) for |m| =|n| by

Im| In]

(5.1b) Nma(S) = H G—y9) H G—1+9).

=1 =1
By Theorem 4.1 of Part II we have 9u4(s) ET¢Ewna, so we may write
(5 . 2) ﬂmn(é‘) = Toem,.

where ennEEn,. Then we know that 7,m(s)H(s)%ae(s) EJ,q because J is a
closed two-sided ideal in D, hence also a closed two-sided module over E’
(because D is dense in E’, and because of the continuity of convolution), and
Nom©E ToE pmy Mg & ToE pm. But, n5m(s0) #0,9a4(50) #0,50 that n,m(s0) H(S0) 7n¢(s0)
#0. This contradicts the fact that all functions of J,, vanish at s,. We con-
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clude that every H(s) & Jn., must vanish at so. But, the set of functions of
ToD., which vanish at s¢ is a maximum left module over ToDnn. Thus,
Jmn consists of all functions of ToDn, which vanish at s,.

We have shown that if there is a maximal two-sided ideal I in D corre-
sponding to the point so#0, +1, +2, .. then & must consist of all
F()ET oD such that Fn.(se) =0 for all m, n. It is clear that & is actually a
two-sided proper closed ideal, and the above argument shows that & is
maximal.

CASE 2. s is an integer. Let us assume first that so= —!/ is a negative inte-
ger or zero. Then we examine the following diagram which represents the
way the algebra T,D breaks up at so:

N axis
|
I i 11 III
I I ()]
VIII IIX v
-————-—————-———»——:— ———————————— M axis
|
G :l (o)
VII \/I'I A%
I
|

It follows from Theorem 2.1 of Part II that for (m, n) in III, IV, VII, or
VIII, we have (T4Dnn)(s0) =0.

We must now consider the nine possible places where (p, ¢) may lie:

PracE 1. Here J,, consists of all F(s) EToD,, which satisfy F(so) =0. We
claim that, for any other (m, %) in I, Jn. consists of all functions H(s) ET4Dma
with H(so) =0. For, assume first that there is an H(s) & J,.. satisfying H(so)
#0. Then, as in Case 1 above, we have 1,m(s)H(s)7nq(s) EJpe- But, 7,m(s0)
0, Nnq(s0) #0, which implies 9,m(s0) H(s0)nMmq(s0) #0, which is a contradic-
tion. Thus, every H(s) & Jn.,» must vanish at s, and, as in Case 1, Jn, con-
sists of all H(s) € TyDn» which vanish at so. Again as in Case 1, we find that
the ideal J! consisting of all €D with H,a(so) =0 for m, n &I is a maximal
two sided proper closed ideal.

PLACE V. By the same reasoning we obtain the ideal J? consisting of all
RED for which H,.(so) =0 if m, nE&Place 1X.

PrAce IX. By the same reasoning as above, we obtain the maximal ideal
J3(m, n) in IX, consisting of all AED for which Hu(s0) =0 if mnEIX.

PLACE 11I. We deduce as above that for any m, n €1, every H(s) EToDua
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must vanish at so. Thus, JCJ*! and so is not maximal.

Pracg III. Here J,, consists of all H&T,D,, with H'(s;) =0. As above,
we find that for any mn&Place I every F& J,.» must vanish at s,. Thus,
JCJ* and thus is not maximal.

Prace IV. Here again, J,, consists of all HET,D,, with H'(so) =0. We
find that JCJ? and so is not maximal.

PLAcg VI. Similar to Place II.

PrAcE VII. Similar to Place I11.

PrAce VIII. Similar to Place IV.

Putting all our results together, we see that, if J is a maximal ideal cor-
responding to the point so= —I, then J=J! or J% or J3.

On the other hand, if so=!41 is a positive integer, then (T4D,.)(so) =0
in the places II, III, VI, and VII. We find as before, three maximal ideals:
I'=set of all §(s) ET,D such that F,,.(l4+1) =0 for (m, ) in Place I, I2=set
of all §(s)EZeD for which F,..(I+1) =0 for (m, n) in Place V and I3=set of
F(s) ELoD with F,,.(I4+1) =0 for m, n in place IX. In virtue of the functional
equation for §(s), I*=J!, I*=J2, and I3=J3.

Summing up our results, we have:

THEOREM 5.1. Every complex number so which is not a rational integer de-
termines one proper closed two-sided maximal ideal of D, namely, the set J,, of
all fED for which Tof =§(s) EZToD satisfies Fua(so) =0 for all m and n. Every
integer so=0, +1, +2, - - - determines three proper closed two-sided maximal
tdeals: (1). The set J;, of all F(s)EZToD such that Fuu(so) =0 for (m, n) in
Place 1. (2) The set J;, of all F(s)ETeD for which Fua(se) =0 for (m, n) in
Place V. (3) The set J3 of all F(s)ETeD for which Fuu(se) =0 for m, n in
Place IX (where so= —1 if so is a negative integer or zero, or so=I1+1 if 5o is a
positive integer). We have Jo,=J1 s, if so is not an integer, and Jy =J}._,°,
J,20=Jf_,o and Jfo=Jf_,a if so is an integer, and these are the only relations
among the maximal ideals described above. Moreover, the ideals Js,, J}o, Jfo, and
Jfo are all the proper closed two-sided maximal ideals of D.

Using Theorem 5.1 and a well-known property of entire functions of ex-
ponential type we deduce

COROLLARY 5.1. Let {s.} be any sequence of complex numbers which are
not rational integers such that the number of s, with absolute value <Q is not
0(Q). Then N, J,,=0. In particular, the intersection of all the maximal proper
closed two-sided ideals of D consists of 0 only.

Now, let J be a closed two-sided ideal of D; we have shown above that
for each m, n, Ppund = JaCJ. Let 5o be any complex number which is not an
integer and suppose that TJ,, has a zero of order 7 at so. From the relations
€mp*JS pg*€gn C Tmn and €pm*Tmn*engCJpq (Where €;; is defined in (5.2) above)
and the fact that (Toe;;)(s0) #0 (see 5.1 above) we deduce that ToJ . has a
zero of order r at s, for any m, n.
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By similar reasoning we deduce that if so is an integer and TyJ,, has a
zero of order r as s, where p, ¢ lies in Place I, IV, or IX (see the proof of
Theorem 5.1 above) then for any m, » which is in the same Place as 2, ¢,
then ToJ.» has a zero of order r at s,.

If sois an integer and (p, q), (m, n) are any pairs of integers, then the above
reasoning shows that the order of zero of ToJ, at so can differ from the order
of zero of ToJn. at so by at most 2, because the functions n..(s) are poly-
nomials with simple zeros.

This leads us to the following

DEFINITION 5.1. Let J be a two-sided closed ideal in D. Then the spectrum
of J consists of

(a) The pairs (so, 7) where s, is a complex number, not a rational integer
and for any p, ¢ ToJpq has a zero of order » =0 at s,.

(b) The pairs (so, 7t), (so, 7?) and (so, 7¥) where s is an integer and TJ,,
has a zero of order 7! at s, for (p, q) in Place I, ToJ,, has a zero of order r?
for (p, g) in Place IV, and T'¢J, has a zero of order 3 for (p, ¢) in Place IX.

(If a function is not zero at so, we say the function hasa zero of order— «
at so; thus it is possible that some of the 77 are — ».)

(c) The pairs (so, 7p4) Where so is an integer, pg does not belong to any of
the Places I, IV, or IX, and T,J,, has a zero of order 7,4 at so.

THEOREM 5.2. Every closed two-sided ideal in D is determined by its spec-
trum.

Proof. Let J be a closed two-sided ideal in D; then we know by Lemma 5.3
that Pn,,JCJ for all m and n. It follows from Lemma 2.4 of Part II that Jis
determined by the P,..J for all m, n. By Theorem 5.2, each P,..J is deter-
mined by its spectrum; our above remarks show that the spectrum of Ppn,J
is determined by the spectrum of J. This completes the proof of Theorem 5.2.

REMARK. Because of Lemma 5.1 the results of Theorems 5.1 and 5.2 apply
to E’ in place of D.

6. The spectrum of a two-sided mean-periodic function. In §6 of Part II
we studied the two-sided closed submodules of E and two-sided mean-
periodic functions. We shall now obtain further properties of them and show
in particular that every two-sided mean-periodic function has a spectrum.

LEMMA 6.1. Let M be a closed two-sided submodule of E. Let M** denote the
set of all wWEE' such that wxM = Msw=(0). Then (Mus)*=(M* 1) mn, where
(M)t is defined to be the set of those vE En which satisfy v(Mma) = (0).

Proof. Let w& M*+ and put wn,=Pn..w. Then we have wxf=fsw=0 for
any fEM. Since M is a closed two-sided G-submodule of E (hence also a
module over E’) we know that PunM=M,.CM. Hence w+f=0 for any
fE M., hence w(f) =0. But w(f) = wnna(f). This proves that (M) mn S (Mma)*.
Conversely, let 9€ (Mpus)?t, i.e. yEEms and v(f) =0 for all f€ Mpma. Then (f)
=0 for all fE M, because v&E E},, implies v(E,,) =0 for (p, g) #(m, n) and
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M. C M. But M is a two-sided G-module, hence »(L,f) =v(R,f) =0 for all
gEG and fE€ M. It follows that v«f =f+v =0 for any fE M.
In exactly the same way one proves

LEMMA 6.2. Let J be a closed two-sided ideal of E'. Let J** denote the set of
all fE M which satisfy fxJ =Jxf=(0). Then (J*)mn=(Tmn)*, where (Jmn)* is
defined to be the set of all those fE Enn which satisfy w(f) =0 for all WE Jpa.

LEmMMA 6.3. (Mt =M and (J*L)tL=1.

Proof. Clearly MC (M*+)*+. Now assume A& (M*+)*+, but A& M. By the
Hahn-Banach theorem there exists an element w &€ E’ such that w(k) =1 and
w(M) =(0). Then wxM = M*w=(0), thus w& M**. But w+k0, which con-
tradicts A€ (M *+)*+, This proves the lemma for any closed two-sided G-mod-
ule M of E. Similarly one proves (J*+)++=7.

LEMMA 6.4. Let V be a closed submodule of En, (say a left-module over E,p,
see §5 of Part 11) and V* the set of elements WE E'y such that w(V) =(0). Let
M be the closed two-sided G-module generated by V in E and J the closed two-
sided ideal generated by V* in E'. Then the spectra of Jand M** (as defined in
§5 above) are equal except when s, =0, +1, +2, - - - in which case the orders
of zeros of J at s, may be two larger than those of M*.

Proof. Denoting again by #¥(g, s,) the jth derivative of um.(g, s) with
respect to s at s, (for fixed g) we know by Theorem 5.2 of §5 of Part II that
V is the smallest closed submodule of E,.. (over E., say) which contains all
those u{(g, s.) which are contained in V (and not identically zero in g).

Now for any g, aEG

E u"‘l(gy S)MM(G, S) = uﬂm(ga; S)
l

where the series on the left converges for fixed m, # in the topology of E uni-
formly in s for s in any compact subset of the s-plane. This follows from
Lemma 1.2 of Part II and an argument as that in the proof of Lemma 3.1
of §3 of Part II by applying the group invariant Laplacian A and (left- and
right-) derivatives in the direction of K to the above equation. It follows
that we can differentiate termwise with respect to s since each term in the
above series »_; is entire in 5. So we obtain

. F) ) fad . ..
(6.1 w2 = (1) E e w6, 9
=0 l=—c0

with the series converging in the topology of ‘E uniformly in s for s in a
compact set. It now follows that u{(g, s,) € V implies u¥(g, s,) €M for any
1=jand all p, ¢, by applying the projections Pug to (6.1) and using induction.
Also the finite linear combinations D i, ¢ Cirpatih(g, s,) are dense in M
where ¢y, are arbitrary complex numbers, as follows from (6.1) and the
definition of M.
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Now we apply P,, and we see that M,,=P,,M is the closure of the finite
linear combination Y, c;,u%(g, s,) for fixed p, ¢ where s, varies again exactly

over those complex numbers for which #%(g, s,)EV and 0£i=<j (and for

which #{(g, s.) is not identically zero in g).

In order to complete the proof of Lemma 6.4, it is sufficient to show (by
Lemma 6.1) that for any ¢ and ¢, T¢J,, consists exactly of those functions in
T,E,;, which vanish at s, to the order j,, except for some possible exceptions
if s, is an integer (see Theorem 5.2 above). This follows immediately from the

fact that, for any p and g,
(6.2) ToJ 5 = 1pm(8) (ToT mn)na(s).

Equation (6.2) can be proved as follows: J is, by definition, the closure in
E’ of the set of linear combinations of W*V*+W’ for W, W& E’. Applying
P... which is a continuous projection of E’ onto E’,, by Lemma 4.5 of Part
11, we see that J,.. is the closure of the set of linear combinations of ZxV*+Z’
for ZEE,,,, Z'€E,, Equation (6.2) now results from the above and the
fact that, for any I (s) ETE,,, we can write H(s) =n,m(s)F(s) where F(s)
=F(1 —s), with a similar expression for the functions in T E,,.

THEOREM 6.1. Suppose that for each m and n we are given a closed sub-
module Vi of Enn with the property that the closed two-sided G-module M in E
generated by all Vo, is different from E. For each m, n, denote by V., the set
of all wEE,, with W( V) =0; call w.J the closed ideal in E’ generated by
Vit and set J=U,, J. Then M*+2DJ. Moreover, the spectrum of M=*L is the
same as that of J except that, if s, is an integer, some of the orders of variety of J
may be two greater than the corresponding orders of M**.

Proof. For each m, n call ,,M the closed two-sided G-module generated
by Vn. Then the theorem follows from the above Lemma 6.4 expressing the
relationship between (,,M)** and ,,.J, and the fact that M is the closure of
the set of linear combinations of the ,,M so that M** is the intersection of
the (ma M)*t.

DEFINITION. Let fEE be two-sided mean-periodic. Consider the two-
sided module M;= M generated by f in E (over G). Let J=M"**. We call
the spectrum of J (as defined in §5 above) the spectrum of f.

Now consider fun=Pn.f. By §5 and §6 of Part II f,.. is mean-periodic in
E.., and the spectrum of f,., is defined as the spectrum of V., (in the sense of
§5 of Part II) where V,, is the (left-) module (over E,...) generated by fun
in E,,. From Theorem 6.1 we obtain

THEOREM 6.2. Let f be two-sided mean-periodic and fun=Punf. If s is any
complex number #0, £1, +2, - - - then s is in the spectrum of f if and only
if s is in the spectrum of fmn for at least one pair m, n. The order of the spectrum
of f at s equals Maxn,, of the order of the spectrum of fma at s. If s is a rational
integer, then the orders of the spectrum of f at s are equal to one or two less
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than the maXn,. of the order of the spectrum of fun at s. In particular the set of
complex numbers s; which occurs in the mean-periodic expansion of f (of §6 of
Part 11) s discrete and except possibly at s=0, +1, +2, - - - it coincides with
the set of complex numbers occurring in the spectrum of f defined just above.

7. Ideals of LYG). In §4 and §5 of Part I we studied the ideals of the
closed commutative subalgebra Ly,=PoL(G) of L'(G). (In Part I we wrote
A, instead of Lj.) We shall now obtain more properties of the ideals of Lg,
and consider at the same time properties of the ideals of P,,,L'(G) = L., and
of LY(G).

LeEMMA 7.1, The function tm, (g, s) of g is bounded only in the following
cases:

(i) 0=Rs=1 and any fixed m, n.

@) If m>0 and n>0 for s=1, .-, 14min (m, n) or s=0, - - -,
—min (m, n).

(iii) If m <0 and n <0 for s=1,---, 1—max (m, n) or s=0, - - -,
max (m, n).

(iv) Those values of m, n, s for which tma(g, s) =0 for all g&G (see (2.15)
and (2.15a) of §2 of Part 11). If m=mn the case (iv) does not occur.

Also ul(g, 0) =0uo.(g, s) /6s| s=0 15 @ bounded function of g.

Proof. The assertion about #..(g, s) is a special case of Theorem 4.1 of
§4 above with p=1. It remains to prove the assertion about u{)(g, 0)
=0u0n(g, 5)/95| e=0. We use again

do

[ dg*.  dgf
u(()rla)(g, S) = f [—g'] log_g. e—2rind gy
0 do

1 d 0:
unlgy5) = [ - cawonay
0

de
Hence

1 dgb

(1) t4 .

Uon 0) = f log — e~27infgg,
0 (g> ) . g 19

Now put g=g; and use that

dg:6
% = | cosh £ + ¢2*i® sinh £|~2 = (cosh £)=2- | 1 + 2" tanh £ [~2

so that

dgf
log j; =—210gcosh£—210g|1+62”"tanh£|.
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Thus for n£0 we obtain

(6Y] —2xind

1 .
%on (g, 0) = — 2f {log |1+ ¢ tanh £ }e " do.
0

Now log |1+4e2# tanh £| is bounded for £=2 and all 8. Hence u{)(g, 0)
is a bounded function of £ for §22 for #0. On the other hand «{)(g, s)
is a continuous function of g since #n..(g, s) is a real analytic function si-
multaneously in g and s. This proves that #{)(ge, 0) is a bounded function of
£ for £20. On the other hand u{)(g, s) is a spherical function of type 0, n,
so that #{(g, 0) is bounded on G for n 0.

LemMmA 7.2. Al closed maximal ideals of the commutative normed algebra
L. are given as follows.

(a) For every complex number so with 0 = Rso =1 the set of all f(g) E L., for
which [f(g)Umm(g, S0)dg=0 is a proper maximal closed ideal of L.

(by) For m>0 there is one maximal ideal of L., for each so=2, - - - ,m+1
consisting of those f(g) € Ll for which [f(g)vi.(g, so)dg=0.
(b_) For m <0 there is one maximal 1deal of L., for each so=2, - - - ,1—m

consisting of those f(g) € Ly for which [f(g)vmm(g, so)dg=0.
Any two of these maximal ideals of L., are unequal except in the case (a)
where the ideals corresponding to sy and 1 —s, are equal.

Proof. Let J be a (closed proper) maximal ideal of L. Then LL../J is
naturally isomorphic with the field of complex numbers; so we get a continu-
ous homomorphism of L, onto the complex numbers with J as kernel. Con-
sider the restriction of this homomorphism of D,.»; this cannot be identically
zero because D, is dense in LL,,,. By the Corollary to Theorem 5.1 of Part I1
every continuous homomorphism of D,.. to the complex numbers is of the
form f— [f(g)Umm(g, S0)dg= Fmm(so) for some so. By Lemma 7.1 this can be
extended to a continuous homomorphism of L., only 0 = Rso=1 or so and m
in the cases (ii) or (iii) of Lemma 7.1. This proves that every continuous
homomorphism of LL., to the complex numbers is of the form
F—Jf(@)tmm(g, so)dg for 0= Rso=<1 or s, and m in the cases (ii) or (iii) of
Lemma 7.1 above. Now by formulas (1.7)—(1.10) of Part II v}},,(g, s0) = %mn(g, 1)
for m >0 and v,,,(g, {) =Umn(g, I) for m <0. Using the natural 1-1 correspond-
ence between closed maximal ideals and continuous homomorphisms to the
complex numbers, we see that every closed maximal ideal of L1, is of the form
(@) or (by).

The assertion about the inequality of these ideals follows for example by
taking the intersection D,mM\LLm and applying §2 (Theorem 2.1) of Part I1.

We next have

LEMMA 7.3. Let s=o+1it be any complex number. The linear operator
Ul(g, s) maps the Lebesgue-space L? (0=60=1; dO) isometrically onto itself if
and only if o=1/p.
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Proof. By definition of U(g, s) we have [U(g, s)a](8) = [dg8/df]*a(gb)
=p(0) say. Thus

fol| b(9) |7do = foll:%] apl a(gh) |7do = fol[%g;] “p—l| a(gf) |7dgo

is equal to [3]a(0)|7d8 for all a(§) EL? (0<0=1; db) if and only if op—1=0.
This proves the isometry; the fact that U(g, s) is onto, follows if one notes
that for ¢ =1/p the operator U(g™}, s5) is everywhere defined on L? (0<6<1;
df) and the inverse of U(g, s).

From this we deduce

LEMMA 7.4. Let f(g) ELY(G) and 0 =0 = 1. Then [f(g) U(g, 5)dg is a bounded
operator of the Banach space L? (0=260=1;d0) for p=1/o, with bound

=/J1f(e)] dg.

Proof. Since 00 =1, 1<p= 0, so L? is a Banach space. Hence we may
apply the standard theory of operator-valued integrals on Banach spaces and
conclude that Lemma 7.4 is correct.

Next

LeEMMA 7.5. Let s be any complex number in the strip 0 <o =<1. Let J, be the
set of those elements f(g) ELNG) for which [f(g)U(g, s)dg=0 in the sense of
operator-valued integrals on L? (0=S60=1;d6); p=0c~L. Then J, is a closed two-
sided proper ideal of LY(G).

Proof. The fact that J, is a closed two-sided ideal of LY(G) follows from
Lemma 7.4 since the mapping f— [f(g) U(g, s)dg is easily seen to be a homo-
morphism of L*(G) into the algebra of bounded operators of the Banach space
L?» (0=60=1; df) (using the representation property of U(g, s)). The con-
tinuity of this homomorphism follows from Lemma 7.4, namely from that
assertion that the bound of [f(g) U(g, s)dg is <[|f(g)|dg.

To prove that J, is proper we use Theorems 4 or 8 of Part I and conclude
that there exists an f(g) €Lg, such that Fy(s) 0 for this value of s (with
0=<Rs=<1). It follows that [f(g)U(g, s)dg0 for this s. This proves that
J.#L'(G). Again, by Theorems 4 or 8 of Part I, we can find an k(g) €L},
such that [k(g)uoo(g, s)dg=Hoo(s) vanishes at a given value of s (in the strip
0=<Rs=1). It follows that [h(g) U(g, s)dg=0 for such k(g). Hence J,(0).
This proves Lemma 7.5.

REMARK. For each fixed s the ideal J, is identical with the set of f(g)
€LY (G) for which [f(g)%ma(g, s)dg=0 for all m, n and this s, as is easily seen.

LEMMA 7.6. Let J be a closed two-sided ideal of LY(G). Then PunJ CJ. Hence
PunJ =JN L.

Proof. Let f&€J. We have (Punaf)(g) =0 of (koghs)e2tritmo+nd)dgdy, It is
well known that J is closed under right- and left-translates by elements of G.
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Moreover the double integral converges in the topology of L'(G). This implies
Lemma 7.6.

LEMMA 7.7. Let so be any complex number in the strip 0 SRs=1. If s#0
or 1, then J,, is maximal in the set of proper closed two-sided ideals of L'(G).

Proof. Suppose k(g) ELY(G) but k(g) & J,, Let I be the closed two-sided
ideal generated by # and J,, By the remark following Lemma 7.5 H,..(so)
= [h(g)thmn(g, 50)dg#0 for some m, n. By Lemma 7.6 (Pnuh)(g) =hma(g) EL.
By Theorem 2.1 of §2 of Part II there exists a function a(g) € D, such that
Aum(so) =fa(g) Unn(g, s0)dg##0. Now consider the convolution (Am.*a)(g)
=b(g). Clearly b(g) &€l and Pn.b=0b, so that b(g) EPnunl. Also Bnnm(so)
= [b(g)Umn (g, 50)dg = Hmn(50) Anm(s0) #0. On the other hand PnnJ,,CI (since
Jo&I). But PnnJs, is a closed maximal ideal of L., by Lemma 7.2. Thus
Pl =L, for this value of m because b(g) EPmunl and b(g) EPunts,. Hence
Prin=Pun(IND) = (Punl) D # P, (D J,,). Therefore DT, DNI. But
by §5 above J, /M\D is maximal (in the set of closed proper two-sided ideals of
D). Therefore IMD =D, hence I =L'(G). This proves the maximality of J,,.

Now let I=1, 2, - - - and Ji the set of all f(g) €EL(G) for which

(7.1) f f(g)v::n(g, Ndg = Oforallm,n>1
¢
and J; the set of those f(g) ELY(G)

(7.2) ff(g)v;n(g, Ddg =0forallm,n < — L.

By J? we denote the set of all f(g) €LY(G) with [f(g)dg=0.

LemMma 7.8. T3, Ji, and J; are maximal in the set of closed proper two-
sided ideals of LY(G).

The proof of Lemma 7.8 is similar to the proof of Lemma 7.7.

LEMMA 7.9. Let J be maximal in the set of proper closed two-sided ideals of
LY(G). Then PupnJ =LY, or P, J is maximal in the set of proper closed sub-
modules of L', which are left-modules over L., and right-modules over L1,.

Proof. By Lemma 7.6 P,,.J CJ. Clearly P,.J is a closed subset of L (G).
Assume P,,J #=L., for one pair p, ». Then let h(g) EL,, but A& P,,J. Consider
the closed two-sided ideal J generated by the P,.J for all pairs m, n of
integers and the function %(g). Then JDJ. Now P,k=h&P,J, hence
k& J, so J#=J. Therefore J = LY(G), hence of course P},J =L}, for all m, n.

Now consider P,,J. It is the closure of the set of all linear combinations
of convolutions axbxc where a €L}, bE Pp,J, ¢ELay as m, n vary arbitrarily
and axk* where a €L}, and BEL,,. This follows easily from the fact that
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L'=Y,. .. L., and the properties of convolutions of functions of type m, #.
Now Pn,J CJ by Lemma 7.6, so that axbxc&P,,J for any a S L,,, b&PunJ,
and ¢€L,,. Thus, P,,J is the closed two-sided module (left module over L,

right module over L;,) generated by P,,J and k. In particular, if u=v, then
P,,J is the closed ideal in L}, generated by P,,J and k. Thus, P,,J is maximal.

LeEmMMA 7.10. Let J be any closed proper two-sided ideal of LY(G). Then
Pomd # L, for at least one m.

Proof. Suppose PnnJ =L, for every m=0, +£1, +2, - - .. Then JND
DDjm for every m. Now by the description of the closed two-sided ideals of
D obtained in §5 above, it follows that JOD. But since D is clearly dense in
L', we conclude that J=L!.

From the last two lemmas we deduce at once

LeEMMA 7.11. Let J be maximal in the set of proper closed two-sided ideals of
LYG). Then PnnJ is maximal in the set of proper closed ideals of Lk for at
least one m.

LeEmMMA 7.12. Let J be again maximal in the set of proper closed two-sided
ideals of LY(G) and assume that for some m, PumJ is of the form given in Lemma
1.2 (i.e. PnnJ is closed and maximal in the set of all proper ideals). If PunJ is
in the case (a) of Lemma 7.2 and if s¢7%0, 1 then J is of the form J,, in the
sense of Lemma 7.5 above.

Proof. We claim that, for any u, » we have P,J consists of all fEL,,
such that [f(g)uw(g, s0)dg=0, i.e. PyJ=PuJ,, First, P,,JCP,J,, For, if
some function fEP,,J has the property that [f(g)u.(g, so)dg==0 then we
pick functions A€ Dy, B €D, with [h(g)Umu(g, s0)dg#0 and [1'(g)tt,m(g, s0)dg
#0 (these exist by Theorem 2.1 of Part II); the function h#f*h’ then belongs
to PumJ but [(hxfxh')(2)tmn(g, so)dg##0. This contradicts the fact that
Pond =P s,

Thus JCJs,. Since both J and J;, are maximal in the set of closed two-
sided ideals (see Lemma 7.7), we must have J=7,,.

By similar reasoning we can prove that if P,, is any of the cases of
Lemma 7.2 then J must be one of the maximal proper closed two-sided ideals
of L' described in Lemmas 7.7 and 7.8.

Summarizing the above results we obtain: ‘

THEOREM 7.1. Let J be maximal(*) in the set of all proper closed two-sided
ideals of L'=LY(G). Then either J is the ideal J, of Lemma 7.5 with s#0 or 1,
or J=J¢, Jit or Ji as defined by (7.1) and (7.2) above.

LEMMA 7.13. The analogue of Wiener's theorem is not true for the commuta-
tive normed algebra Liy: there exists an fE LY, which lies in no maximal closed
ideal of Lgy, but the closed ideal generated by f in Ly, is not the whole of L.

(%) We call such an ideal maximal closed.
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Proof. Consider the function

z+1 z—1
7.3 z2— 1D2(z+ 1)?ex <———+ )
(7.3) (= Dt Drexp (= +
It is holomorphic for |z| <1 and continuous in |z| <1. Now map the disc
|z| <1 conformally onto the strip 0 <Rs<1 by

1 —expwi(s — 1/2) 1 1 141z
1 ) S .
1+ exp 7mi(s — 1/2) 2 m 1— 1z

Let H(s) be the image of (7.3) under the mapping (7.4) and put Fi(s)
=exp [(s—1/2)2]H(s), F(s) = Fi(s)% Then F(s) EZ,Sy and Fi(s) ETSso. By
a result of Beurling [1, Theorem 1] one cannot approximate H(s) uniformly
in the strip 0 =Rs=1 by functions X (s)F(s) where X(s) can vary over all
functions which are holomorphic in 0 <Rs<1, continuous in 0= Rs=1 and
vanish +7». Moreover by Theorem 7 of Part I (see Ehrenpreis and Mautner
[1]) one cannot approximate Fi(s) uniformly by functions X(s)F(s) with
X (s) as above. Since the topology of T,Lj}, is stronger than uniform con-
vergence, it follows that if we put f=351F(s), then the closed ideal generated
by fin L}, is not the whole of L, Moreover F(s)#0 for any s in the strip
0=<Rs=1, hence by Lemma 7.2 f does not belong to any maximal closed ideal
of L.

(7.4) z =

THEOREM 7.2. There exists a function h(g) EL'=LYG) which belongs to no
maximal closed two-sided ideal of L', but the closed two-sided ideal generated by
h(g) in L' is not the whole of L. Thus the analogue of Wiener's theorem does not
hold here.

Proof. Let B be the matrix all of whose coefficients are zero except the
(0, 0), (1, 1) and (—1, —1) coefficient which are 1. Let ¢, be sufficiently
decreasing positive constants and form

Me) = T W]+ 2 T ctmalvma(s, D) + vmnl, D).
=1 m,n

By Theorem 3.1 Ts[F(s)B]EL!, also vi,(g, DEL! for all m, n if I
=1, 2, 3, -+ by Bargmann [1] Hence for sufficiently decreasing cimn,
> timon G o2, D) 4vma(g, 1) JELL. Therefore h(g) ELL

By Theorem 7.1 k(g) belongs to no maximal closed two-sided ideal of L*.
Let J be the closed two-sided ideal generated by k& in L. Then from the above
construction of k(g) we see that PyoJ is the closed ideal generated in Ly, by
the function f(g) of the proof of Lemma 7.13; hence PgoJ # Lg,, therefore J
cannot be equal to L.

8. Functions on G/T". We now wish to study the analysis of functions on
the coset space G/T where I' is a given closed subgroup of G. In this section
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we restrict ourselves to the case where G/T' is compact. In addition to the
case of the subgroup of triangular matrices we have a large class of!discrete
subgroups of G for which G/T" is compact. These are the fundamental groups
(with possibly fixed points) of the compact Riemann-surfaces. This is the
class of subgroups with which we shall be concerned in the present section.
Thus we assume throughout this section that T is an arbitrary discrete subgroup
of G such that the coset space G/T' is compact.

LEMMA 8.1. There exists an invariant measure in G/T', namely the Haar-
measure on G restricted to a fundamental domain for T in G.

Proof. Since T' is discrete, it is unimodular, since G is semisimple it is also
unimodular, hence there exists an invariant measure on G/T'. The existence
of a fundamental domain was proved under very much more general condi-
tions by C. L. Siegel [1].

We shall need a certain Riemann metric and the corresponding Laplace-
Beltrami Operator on the compact (3-dimensional real analytic) manifold
G/T. For this purpose we remind the reader that the unique two-sided
invariant indefinite Riemann-metric on G is obtained as follows.

The Lie algebra of G is naturally isomorphic to the Lie algebra of all real
2X2 matrices X of trace 0. The nondegenerate quadratic form trace (X?) is
invariant under the adjoint group, hence defines (by translation) a two-sided
invariant nondegenerate Riemann metric on G. Since G is a noncompact sim-
ple Lie group, this Riemann metric is not definite. This can also be seen
directly by putting

01 1 0 0 1
(4w €
-1 0 0 —1 1 0

and X = Y 2 x;X;. Then trace (X?) =2(—a24x2+x2).
For any element a in the Lie algebra and any differentiable function f(g)
we put again

(Lof)(g) = lim t7*[f(e**g) — f(g)]
t—0
and

(Rof)(g) = lim £71[f(ge*) — f(g)].
t—0

Letting a; correspond to X, the Laplace-Beltrami operator corresponding to
the fundamental bilinear form (or invariant Riemann metric) 2-! trace (X?)
= —xgtaf4a3is

(8.1) A= —Li+ Lo +1Io=—Ry+R +R,
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This is (up to a consant multiple) the same as the Laplace-Beltrami operator
A on G which we used in Parts I and II. We note that A is not elliptic, but
that A4+2L2 and A+2R3 are elliptic operators, in fact they are the Laplace-
Beltrami operators corresponding to the one-sided invariant Riemann metrics
on G which are obtained from xZ+x?+x2 by one-sided translations on G.
However, whereas A commutes with both left- and right-translations on G,
A+2L§0 (respectively A+2R3) commutes with right-translations (respec-
tively left-translations).

Now we go over to the compact manifold G/T". We identify the functions
on G/T with functions f(g) on G satisfying f(gy) =f(g) for g€G and yET.
The right invariant Riemann-metric on G obtained from x3+x%+x2 defines a
positive definite nondegenerate Riemann metric on G/I" and the correspond-
ing Laplacian is

(8.2) A=A+ 2L20 applied to functions f(g) = f(gv).

Let Ly(G/T") be the Hilbert space of equivalence classes of complex valued
square integrable functions on G/T' relative to the invariant measure on
G/T. Applying well known results to the elliptic operator A;, we see that there
exists a set of real-analytic eigenfunctions ¥ of A; which is complete and
orthonormal in Ly(G/T). If Ay =Xy, then A, [L(k)¢ | = L(k)Ay =\L (k)Y where
L(k) denotes as usual left-translation by the element & of K. This is true be-
cause A Lq.,= Lo A1, whence A;L(k) = L(k)A; since a is an element of the Lie
algebra corresponding to the one-parameter subgroup K of rotations in G.
Hence

2r 27
Ay f e L(ko)yd0/2m = X f im0 L(ko)¥dl/ 2r.
0 0

Therefore for fixed A; we can introduce in the space of eigenfunctions of A;
a basis which is reduced under K, say ¥;.1, ¥j.2, * -, ¥;ja; Then

(8.3) AYse = Awbsr + 2Lagsr = [M + 20) Wi = Mois.r

where
)\j = 7\,’ -|- 2(in)2 = 5\,’ - 2n2.

Thus ¢; . is also an eigenfunction of A. Thus we obtain a complete orthonor-
mal set of eigenfunctions in L,(G/T") also for the operator A. But since A
commutes with left-translation L(g) for every g&G we obtain a discrete
decomposition of Ly(G/T') into irreducible invariant subspaces H; under the
unitary representation g—L(g) of G:

(8.4) Ly(G/T) = > @ H;.

LeEMMA 8.2. Under the unitary representation g—L(g) of G, the Hilbert-
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space Lo(G/T) decomposes into a discrete direct sum (8.4) of irreducible invariant
subspaces Hj;. In the space H; there exists a complete orthonormal set of real
analytic functions Y; » such that

AYjn = A¥im,

(8.5) Liin = injn,

AWin = (\j + 200
Here either n=0, +1, +2, +3, - or n=—1I, —(+1), - - - or n=1, 141,
142, -.

We have already proved all assertions of Lemma 8.2 except those about
the range of # and that the eigenvalue of ¥; . under L,, is exactly in. But
these facts follow from the results of Bargmann [1, §5, especially p. 609] not-
ing that H; is an irreducible unitary representation space of G.

Since G/T is a compact real analytic manifold and A; the Laplace-Beltrami
operator with respect to a positive definite (real-analytic) Riemann metric
on G/T', we have the following well known result: There exists for a suitable
complex number ¢ a power 7 of (A;+cI)~! which is an integral operator, i.e.

[(Ar+ cD)7¢)(x) = | %(=, y)o(y)dy
a/r

for any ¢ €Ly(G/T') and K(x, ¥) is such that [ G/rl R(x, y)| 2dy exists, is contin-
uous in x and hence is < constant independent of xEG/T.
Applying this to our above eigen-functions ¢, . we obtain

(A1 4 eD)=;0](®) = [20% + N+ o] ¥in(x) = f . (2, yWin(y)dy.
T
Applying Schwarz’s inequality, we get

[ ¥ia(x)| < | 202 + N+ olr( f | %(x, ) lzdy) 12,0

= 0([2n? + A;]") uniformly in x € G/T as l nl — o and I )\,-I — o,
This proves
LeEMMA 8.3. Let ;,n(x) be the complete orthonormal set of eigen-functions in

Ly(G/T) of the operator A, introduced above. There exists a real number r such
that as 2n* N> =

Yin(®) = O([2n* + \]")
uniformly in x&G/T.

REMARK. The smallest possible value of 7 is not known. In this section it
is sufficient to know that r exists and is finite.
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The ¥; .(g) can clearly be multiplied by arbitrary constants of absolute
value one. After multiplying the ¥; ., by suitable such constants we have

THEOREM 8.1. The following infinite series converge uniformly in g for g
in any compact subset of G, and uniformly in x:

(8.6) ¥im(ge) = Z Unm (g, Si)¥in().

Here s; is such that \;=const. s;(1 —s;) and
umn(g, SJ') if RS,' = 1/2’
(8.7 Umn(g, 5) =1 dom() L n(8)tma(g, 5) if 1/2 < s = real < 1,

‘vf.,.(g, l;) if s; is an integer = 1.

Here the & ,,(s) are a sequence of suitable normalizing functions which occur
in Bargmann’s [1, pp. 618-619] construction of the exceptional series of
irreducible unitary representations of G, so that the Jo.(s) &, o(s)%mn(g, s) are
for 1/2<s=real<1 the normalized matrix coefficients of the irreducible
representations in the exceptional series of Bargmann [1, §8].

Proof. The space Hj; is an irreducible unitary representation space of G,
the ¥;,» form a complete orthonormal sequence in H; and are eigenvectors
under K. It follows from the results of Bargmann [1] that the multiplicity
of each K-eigenspace is one-dimensional. Hence after multiplying each ¢; .
by a suitable constant of absolute value one, it follows that the matrix coeffi-
cients of the unitary representation of G in the space H; with respect to the
¥;.» must be those explicitly computed by Bargmann [1], i.e. formula (8.7)
above,

To prove the uniform convegence of (8.6) we know by Lemma 8.3 that
|;.a(x)| is for fixed j smaller than a certain power of |#| uniformly in x.
Now by Lemma 1.2 of Part Il %.n(g, s) is, for fixed m and s, O(|nl 9 for
every ¢, uniformly in g for g in any compact set. Similarly for 2%,(g, I) by
Lemma 1.3 of Part II. Moreover by expression (8.10) on p. 619 of Bargmann
[1] we have l «L,,.(s)l =1. Thus for fixed m and s we have u,,(g, s;) = O(| nl a)
for every ¢ uniformly in g for g in any compact subset of G. Hence the infinite
series in (8.6) converges uniformly in g for g in any compact subset of G, and
uniformly in x.

To prove the equality in (8.6) we note that Zn Unm(g, SV n(x)
converges for fixed g to ¥; »(gx) in the L:(G/T')-norm. But we have just seen
that the infinite series converges uniformly in x. This proves the equality and
completes the proof of Theorem 8.1.

We shall now consider the space D(G/T') of all indefinitely differentiable
complex valued functions on the compact real analytic manifold G/T. We
use on D(G/T) the topology of L. Schwartz.

THEOREM 8.2. Let fED(G/T) then
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(8.8) Gjn = G/rf(g)%.n(g)dg
satisfies
(8.9) ajn =0l + | N;| + | n])7]

for every p =0. Conversely given complex numbers a; » satisfying (8.9) then they
are the expansion coefficients of some f(g) ED(G/T) in the sense of (8.8). More-
over the series

(8.10) Z aj,¥in(g)
converges to this function f(g) in the topology of D(G/T").

On the linear space of double sequences a;,, satisfying (8.9) we define a
topology by means of the semi-norms (one for every p=0, 1,2, - - )

sup (1 + | \| + | #])?] as] .
hn

Then the mapping (8.8) f(g)—a;,» is a topological isomorphism of D(G/T)
onto this topological vector space of double sequences a; .
Proof. From (8.5) and (8.8) we get for every »p=0,1, 2, - - -

(Xj + in)”aj,n = (A - Lao)pf(g)Kzi.n(g)dg.
G/T

as A is self-adjoint and L,, skew-adjoint. Since f(g) is an indefinitely differ-
entiable function on the compact manifold G/T', (A+L,,)?f(g) is a bounded
continuous function. Hence (\;+in)?a;, »=0(1) for every p=0, 1, 2, - - .
This proves (8.9).

Now consider any series ».a;..¥;..(g) where the coefficients ajn satisfy
(8.9). By Lemma 8.3 ¥, .(g) =0O( [|)\j| +n2]") for some r. Now the number of
eigenvalues <NV of the Laplace-Beltrami operator A; acting on the compact
manifold G/T' is majorized by a power of N (see Minakshisundaram and
Pleijel [1]). Hence the series A? > a; . » converges uniformly on G/T for
every p =0. Now A, is elliptic, hence its powers define the topology of D(G/T").
Thus Y _a;,;j . converges in the topology of D(G/T"). The series converges of
course also in the L,(G/T')-norm, hence a;,, are the Fourier-coefficients of
225 Vi

The fact that the mapping f(g)—a;,» is a topological isomorphism follows
now easily by the same kind of argument (cf. the analogous proof for Fourier
series in L. Schwartz [4, vol. IT]).

CoOROLLARY. There exists no group element g for which ¥; n(g) =0 for all j
and n.

Proof. If ¥;,.(go) =0 for all j and » then the series (8.10) would be 0 for
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g=go, thus every fED(G/T') would vanish at g =gy, which is impossible.

By D’(G/T") we denote the space of distributions on the compact mani-
fold G/T" in the sense of L. Schwartz, i.e. the dual space of D(G/T") with the
strong topology for dual spaces.

In analogy to Theorem 8.2 we have

THEOREM 8.3. Let WED'(G/T), then

(8.11) aim = W-¥jn
satisfies
(8.12) ain = O([1+ [N] + [ n]]7)

for some p. Conversely given complex numbers a; n satisfying (8.12), then the
series D ;. W;n converges in the strong topology of D'(G/T) and a; . are the
Fourier coefficients of the distribution P a;.V; . in the sense of (8.11).

The proof is an easy analogue of the proof of Theorem 8.2.

Now let C; be the orthogonal projection of the Hilbert space L,(G/T)
onto the closed subspace H;. We denote the restriction of C; to the space
D(G/T) of indefinitely differentiable functions on G/T' again by C;.

LeEMMA 8.4. C; is a continuous open mapping of D(G/T") in the topology of
D(G/T).

Proof. This is an immediate consequence of Theorem 8.2, because by
Theorem 8.2 we need only prove the corresponding statement for the space
of double sequences a; .. But for this space the continuity of the projection
mapping follows immediately from the definition of the topology.

Now let 8r be the Dirac-delta measure of the point I' € G/T, i.e. if
fED(G/T) we put

(8.13) orf = f(1) = f(y) foranyy €T
where f(g) =f(gy). We also put
(8.14) 8,f = ST(Cyf).

Since 8r is clearly a distribution on the manifold G/T', i.e. 6r&D'(G/T),
Lemma 7.4 implies at once that §;&D’(G/TI'); moreover since I is invariant
under L(g) for each gEG, we have C;L(g)=L(g)C; and clearly [L(v)ér]f
=drf. Hence for any f&€D’(G/T)
[Ls)]f = &[Lf] = or{Ci[L()f]}
= or{ L(y)Cif} = or(Cif) = 8.

This proves

LemMA 8.5. Eguation (8.14) defines a distribution 8; on G/T, [i.e. §;
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€D’ (G/T)] satisfying
(8.15) L(v)8; = &; for every vy € T,

Note that 6;70 if H;5(0) because L(g)¥; € H;N\D(G/T") and §;(L(g)¥;.»)
=y; .(g7") #0 for some 7 and g, if for this j we have H;#(0).

Now consider the Hilbert space H; for fixed j. If f€EHj, then f= ., a,¥j.»
and the y;,,» are uniquely determined (up to constant multiples of absolute
value 1) by the requirement that they be normalized eigenfunctions under
the subgroup K. The space H;N\D(G/T') is thus isomorphic to the vector
space V of all rapidly decreasing sequences ¢,, the isomorphism is given by
fea, as follows from Theorem 8.2 applied to a fixed j. We note that for
FEH,ND(G/T)

8(f) = 5:‘(27‘:0» 'Pj.n) = 2 adia(1).

By Lemma 8.3, ¢;..(1) =O(l nl ?r) thus the sequence ¥;,,(1) is for fixed j an
element of V’, invariant under each y&TI'.

We now proceed to prove the converse of this. Given any irreducible
unitary representation of G with representation space H. We can ignore the
constant representation for which our theorem is trivial. Then H is a Hilbert
space and according to Bargmann [1] there exists a complete orthonormal set
¢, in H uniquely determined (up to constant multiples of absolute value 1) by
the requirement that they be eigenvectors under the subgroup K of rotations.
Thus once the (maximal compact) subgroup K is chosen fixed, the subspace
of H which consists of all Y ane., with a,=0(n"?) for every positive p, is
intrinsically defined. We denote it by H® and note that H° is naturally iso-
morphic to the vectorspace LB of rapidly decreasing sequences defined in §6.
We use on H? the topology of B, hence the dual (H°)' of H° is naturally
isomorphic to the space B’ of slowly increasing sequences.

It is easily verified that H° is invariant under G, hence H°® and (H")' are
representation spaces for G. Also if yEH° or (H®)’ and g&G then g vy is
simultaneously continuous in both variables, as is readily verified.

Now assume there exists an element A& (H?)’ and yA=A for all y&T.
For any element x of H° consider the mapping

(8.16) x— f(g) = A(g )

which associates with every x ©H® a function f(g) =f,(¢g) such that f(gy)
=f(g) since yYA=A for yET. Now it follows from Lemmas 1.3 and 1.4 of
Part II that the representation of G in the topological vector space H° is
weakly continuous, i.e. A(gx) is for any fixed x€H® and A& (H®)’ a continu-
ous function of G. Hence f,(g) is for each x& H® a continuous function of g,
therefore contained in L%G/T"). Thus (8.16) maps HP° linearly into L*(G/T").
Alsoif x,—x in the topology of H° then f,_ f(g)f-(g) uniformly on compact sub-
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sets of G (again by Lemmas 1.3 and 1.4 of Part II). Hence by choosing a
fundamental domain for G/T in G we see that x,—x in H® implies f.,—f. in,
the L?(G/T)-norm. This proves

LEMMA 8.6. The mapping (8.16) is continuous and linear from H° into
L*G/T).

Moreover we have

(8.17) foz = LSz

because f,.(g') =A(g'g"'x) = [L(g)f.](g'). Now let us denote by =, the image of
e, under the mapping (8.16). Then (8.17) implies at once that =, is an eigen-
vector under L(k) since e, is. Also if m#n the Z,, and =, belong to different
eigenvalues under K since e, and e, do. So Z. and Z, are orthogonal in
L*(G/T) for ms~n and E,0 whenever e, 0.

Combining this with Lemma 8.6 we conclude that if

(8.18) %= ) a.e, © H° then f,(g) = D axZa(g)

where D _a,E, converges in the L3(G/T)-norm and f,0 if x0. Thus the
mapping (8.16) is one-one.

Now H is a unitary irreducible representation space of G (by hypothesis)
so that

(8.19) gem = D tmn(g)en

where the #,.(g) are the matrix-coefficients of one of the (well-known) ir-
reducible unitary representations of G. Now apply the mapping (8.16) to
(8.19) and observe that the series in (8.19) converges in the topology of H°
{again by Lemmas 1.3 and 1.4 of Part II). Hence by Lemma 8.6 and formula
(8.17) above we obtain

(8.20) L(Q) Em = 2 tmn(g)En

where the right side now converges in the L?(G/T")-norm for each g&G. Now
for the inner product ( , )z in the Hilbert space H we have (gem, €m)r = %mm(g)
while for the inner product { , )g;r in L>(G/T') we have

(L(g) Emy Emdar = { 2 wmi() Bty Em )gp = umm(g)HE,,.Hf;/p.
\ 4

Hence for each m (for which e,70) the diagonal matrix coefficients differ
only by a multiplicative constant (independent of g). It follows from well
known properties of the irreducible unitary representations of G (for instance
from their explicit determination by Bargmann [1]) that we obtain unitary
equivalence. We have thus proved
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LeEMMA 8.7. Consider the closure in L2(G/T) of the image of H® under (8.16).
(This 1is clearly an invariant subspace under L(g) for each g&EG.) The restriction
of L(g) to this subspace gives a unitary representation of G which is unitarily
equivalent to the given irreducible unitary representation with space H.

Now let A, A%, - - - be any finite number of elements of (H?)" and assume
each A is invariant under each y&TI'. For each A* we obtain by Lemma 8.7
one unitary mapping of the form (8.16) of H into L*(G/T"); denote the image
of H in L?*(G/T) by H. For each 7 we obtain functions =i, (g) EH; as the
images of the e,€H. Put A} =A(e,). Then A} =O(n") for some » (A? being an
element of (H?'). Also #n.(g) is for fixed m and g rapidly decreasing in »
(Lemmas 1.3 and 1.4 of Part II). It follows that D u.,.(g)A% converges. Also
by definition of Zi,(g) =A(g 'en); hence putting g=1 we get Zi,(1) =A%, We
obtain as above

En(e) = 2 thmn(g) An.

Now if there are constants e; such that Y c,A=0 in (H?)' then S A =0
for each , hence Y ¢;Zi,(g) =0 for each m and g and conversely. This proves
that the multiplicity with which the given irreducible unitary representation
of G occurs in the decomposition of L?(G/T') is equal to the dimension (over
the complex numbers) of the subspace of I'-invariant elements of (H®)’. This
completes the proof of the following theorem.

TuEOREM 8.4 (Analogue of the Frobenius reciprocity theorem). Given any
irreducible (weakly measurable) unitary representation U of G with Hilbert
space H. Let the em form a complete orthonormal sequence of eigenvectors under
K. Let H° denote the linear subspace of all ) ane. with a,=O0(n?) for every p.
Put on H° the topology of B (of §5 above) and let (H®)' be the dual space of HO.
Let (H)r be the (linear space) of those elements A of (H°)' which satisfy YA =A
for every y&T'.

AsseRTION. The multiplicity with which U occurs (up to unitary equiva-
lence) in the decomposition of L?(G/T") is equal to the dimension of (H?)j.

REMARK. If the given irreducible representation U of G is not the trivial
(constant) representation it is necessary to introduce a space (H°)’ which is
bigger than H. For if we could find A€ H such that YA =A for all Y&ET" then
the function b(g) =(gA, A) would be a measurable function of g satisfying
b(vg) =b(gy) =b(g), hence by the last result of Mautner [6] 5(g) is constant
(almost everywhere). It would follow that the given representation of G is the
trivial (constant) representation.

If for example U belongs to the principal series, i.e. U: g—>U(g, 1/2+1t)
for some real number ¢, then H is naturally isomorphic to L, (0<60=<1; df)
and H° to the space of all indefinitely differentiable functions a(6) on the cir-
cumference of the circle with the topology of L. Schwartz. Then (H°)’ is the
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space of distributions of L. Schwartz on the circumference of the circle and
(H)4 consists of those distributions W which satisfy [dy6/d8]'/2+tW(v0)
=W(#) for all y&ET and this £. A similar interpretation holds for the excep-
tional series of irreducible unitary representation of G if one replaces 1/2 41t
by s=real>1/2 and <1.

For the discrete series V;" the space (H°)’ is naturally isomorphic to the
space of all power series Z,.;; baz" = W(z) which satisfy b, =0(n®) for some .
Thus (H%r consists of those W(z) which satisfy also (dyz!/dz) W(yz) = W(z)
i.e. are automorphic forms. Thus in this case (H®)’ is naturally isomorphic
to a space of automorphic forms of given dimension. For the discrete series
Vi one has to consider functions W which are regular in Z instead of z. This
follows from the explicit description of Vi (see Bargmann [1] or §1 of Part
IT).

For the discrete series our Theorem 8.4 has already been obtained by
Gelfand and Fomin [1], but not for the other irreducible unitary representa-
tions of G(%).

We shall now derive an analogue of the Poisson summation formula.
The following argument works for sufficiently differentiable functions, but
we shall assume indefinite differentiability for simplicity. Let f(g)&D
=D(G) the space of complex valued indefinitely differentiable functions of
compact support on G. Then D ,er f(gy) converges to an indefinitely differ-
entiable function k(g). In fact the mapping

f(g) = h(g) = 2 f(gv)

vl

is easily seen to be a continuous linear transformation of D(G) into D(G/T").
Let . ;(g) be the complete orthonormal set of eigenfunctions in L*(G/T')
used above. Assume j is such that the corresponding unitary representation
U of G is in the principal series U: g—U(g, s;) with Rs;=1/2. Put H, ;
= [qrh(g)¥; m(g)dg where dg refers to the invariant measure on G/I' and
write again Fma(s) =[af(g)%mn(g, s)dg. Write An j=¥x (1) and consider the
series D n A ,ifaf(@)Umn(g, $)dg= D nAn.;Fma(s;) for fixed m and j. Now
f(@) ED(G) implies by §2 and 3 of Part II that Fn.(s) is for fixed m and s
rapidly decreasing in #. Now lu,,m(g, s,-)l =<1. Hence we may interchange
> and [ in the last expression. We obtain

[ 16 X ot 5008 = T, A sFon(s)

But Z,. An jtbmn(g, 55) =¥; m(g) by Theorem 8.1 above. Therefore

(%) See also the thesis of F. Bruhat which has appeared in the mean time: Sur les representa-
tions induites des groupes de Lie, Paris, Gauthier-Villars, 1956 or Bull. Soc. Math. France vol. 84
(1956) pp. 97-205.
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f F@Uim(@)dg = X AnsFnls)
[ n

=2 f@¥in(g)dg = 2 iaf(g*r)'lfj.,,.(g)dg

vel J @y Y€l

where Q is a fundamental domain for G/T" in G. In the last expression we may
interchange ), with fg and obtain

fn[ ;ﬂgw]w.m(g)dg = [ Hein@te = [ Meino)dt = B

This proves
(8.21) Hnj= 2 AniFmn(s)).

By Theorem 3.1 of Part II we have Fua(s;)) =0([|m| +|n| +1+4]s;| ]-?) for
every p also An,;j=y; (1) =0([n2+|s;(1 —s;)| ]") for some by Lemma 8.3
above since \j=s;(1 —s;). Hence

(8.22) H, ;= 0([[ m| + 1+ I s;(1 — Sj)l I7?) for every p.

Exactly the same arguments and results hold if the ¥, . span for a given j
and varying m a representation space belonging to the discrete or exceptional
series except that F,.(s) has to be multiplied by a normalizing function
Nun(s;) which does not change the rapid decrease (see (8.7) above). Now the
¥;.m form a complete orthonormal set in L2(G/T) hence

h(g) = Lim. E Hy i i.m(8)

where Li.m. refers of course to the L?(G/T")-norm. Now (8.22) and Lemma 8.3
imply that the last series converges uniformly in g for g in any compact sub-
set of G. Hence it converges point-wise to k(g). Putting g=1 we obtain

2 fen) = b(1) = 2 Hulim(1) = 2 Hn.jhn

yel
E an(sj)Nmn(sj) Km-)'AﬂvJ"

m,n,j

I

(8.23)

This is an analogue of the Poisson summation formula.

9. Modular functions. In §8 we considered functions on compact homo-
geneous spaces G/T'. In this paragraph we drop the assumption of compact-
ness of G/T', but shall restrict ourselves to the modular subgroup T' of G. Let 7
vary over the upper half-plane, i.e. let 7 be any complex number, 7=x-+1y
whose imaginary part y is positive. The elements v of I' are given by 2X2
matrices (M;) of determinant one, whose coefficients M;; are rational integers
and we put as usual
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_ Mur+ M

M217+ M22

throughout this paragraph I' denotes the modular group, i.e. the group of
modular substitutions v of the form (9.1) of the upper half-plane.

We shall study in this paragraph a certain class of modular functions
h(y1) =h(r) defined below. We shall characterize this class of modular func-
tions. For this purpose we shall use the following well-known Dirichlet series
E(r, s). We put for any complex number 7 =x-44y with y>0 and any com-
plex number s =041t with ¢>1

9.2) E(r,s) = > y*| Mr + N|~2.

M ,N;(M,N)#(0,0)

It is well known that for any fixed 7 with y >0 this function of s has an analyt-
ic continuation into the whole s-plane which is regular in s everywhere except
at s=1 where it has a pole of order 1 and satisfies the functional equation

(9.3) T (s)E(r, s) = = 'T(1 — s)E(r, 1 — s).

We shall need the following properties of E(r, s).

LEMmA 9.1,
(s —1/2)
E(r,s5) = y°¢(25) + y“’ﬂ"“—r()— §(2s — 1) + R(r, 5)
s
where
27w
R(r,s) = y/? - > ba(9) | m| 2Ky j0(2n | | y)ermine,
(s) w0

The function R(r, s) is for each fixed 7 in the upper half plane an entire
function of s. Here 0,(s) = Y min e”"”’"‘]m! 1-2s K ,(z) is the modified Bessel
function of the third kind, defined for example by

2 s—1/2 ©
(9.4) K,—1/2(z) = ='/? (—2—> I‘(s)“f e 212 — 1)*difor Rs > 0,Rz > 0
1

and {(s) is the Riemann zeta function.
This lemma is well known; its proof can be found for instance in Maass

[1].
LEMMA 9.2. If {(s) denotes the Riemann zeta function, then for ¢ =1/2,
|s—1]| >¢
¢ =o(s|)

and
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1
—— = O(log" ¥).
faga - olegd

Also ¢(s) =0(lt]3/2+‘) for any o= —9, as |t|—>oc>.

For the proof of these well known facts see for instance Titchmarsh [3,
p. 29 (2.12.2), p. 44 (3.6.5) and p. 81 (5.1.1)] respectively.

LemMA 9.3. | Knya()| S Cony—ce=I12(1 4| u| <) for all y>0, all real
numbers \ and p and all ¢>1+|\|; here C.x is a constant depending only on ¢
and \.

Proof. We have the well known formula K,(z) =[5 e—**®= cosh (vx)dx for
Rz>0. For v=1t we get

© eitz ..I_. e—it:
Kuz) = f e+ ) T s
0

1 =]
— ?f 8—2/2(6.: + e—z)eitzdx.

Now it is well known that

fwK() -1g —2s-2r(s ”)r(‘-l- ”)f Rs> | Ro|
. 2\ X)X X = 2 2 2 2 or IS .

Hence

K.(2) 1 °+"°°2 2P<s v)r<s+v y
(x) = — 8— — e — —_ _— —3
27l'i c—10 2 2 2 Z)x :

where s=c+14y and v=\-+4u, hence

*(5-3)7G+3)
I‘(C_ >\+2i(y—n))r(c+>\+2i(y+u))ldy

1 c+io0
(K@] = [ 2 |- as)
TJ c—iw

0
= const. x"‘f
-—00

-f_:[1+

Assume first that 4 =0. Then

[-L g

7% — ul
4

(chA—1)/2
] e r/4lntul+insD gy,

Now,
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—p n (e+A—1)/2
f = f [1 + :Ie—r/4(—n—#+#-n)d,7
—o0 —o0
—b 772 —_ #2 (c+r—1)/2
= f [1 + 2 etmi2gy
—0

< const.ope /2 {uet + 1},

772_“2
4

Also
* o gt — pt| (h-Dr2
f = f [1 + ]e—r“(qﬂﬂ—nd”
B B
® 2 21 (ehA=1)/2
=f |:1 + K ]e‘"”zdn
M 4
< const.g e ™2 pet + 1},
Finally

772__”2

[
1+
. 4
B 2 — 2\ (etA—1)/2
[T
. 4

=< const.cy e—’”‘”{;ﬁ“ + 1}.

(ctr—1)/2
:I e—r/4(n+y+y—ﬂ)d,7

I

Now |T'(x+1y)| Sconst.,| y+1|2=1/2141/2 for x> ¢, hence

‘ <C i A oy i #) i u (e+N) [2—1/2
T + i =< const.c e~ (®/12) (lytp/2)|
2 2
forc + A > 0.
Hence
| Knpin(2) |
© yz — #2 (crA—1)/2
§const.c,)\x‘°f 2 +1 6"“('3’4‘#] + Iy—u])dy

where the const..\ depends on ¢ and N and this inequality holds for all x>0,
all \, u, and ¢ provided ¢>1—X\ and ¢> I)\] , hence certainly for ¢> 14| \|.
Hence,

I Kari(y) | =< const.. y~e 7 sl/2(1 4 | [ I“”‘)

for all >0, all X and p, all c>1+|)\l, as required.
We shall also need an estimate of the function R(r, s) defined in Lemma

9.1. We have
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LEmMA 9.4. | R(r, s)[ Scp oyl (14| 8| 7H1%1) for all T=x+iy, y=e>0,
for all s=a it and all sufficiently large p. Here cpo is a constant depending only
on p and o (and €) which can be taken to be independent of p and o, provided p
and o are in finite intervals.

Proof. By Lemma 9.1

2wt 1/2
R(r,s) = Ty > ba(s) | |2 K 1 o2 | 1| y)ereine,
T'(s) o
hence
2
| R(r,9)| ki 92 37 | ba(s)| | #]o2/2 const.c,, (2| n] y)—»
| P(s) I n=0
el 4 l tlp+o'—ll2)
yl/z_l’ —wl¢l/2 — —
= const.p,q (L 4 | g|ote12) 30 | ba(s) | | m|ovee,
l P(S) I n=0

Now D nwo |bn(s)| |n|"“/2"’ is convergent for p large enough and thus is
dominated by a constant (depending on p and ¢). Hence for all 7 and s

1/2—¢

| R(r,s) I = const.p,. y—— ezl 4 | t|p+¢—1/2)
|7
< const.p,e yMER(| 1[I+ 1)(1 + | 4[ore1n)
<

const.p YV 2(1 + | 1o+,

LEMMA 9.5. | (s—1)E(r, s)l =const. (1+y')(1+|t|') for some r, but all T
and s. The constant depends only on o and can be taken to be independent of o if
o stays in a finite interval.

Proof. | (s—-l/2)y'§'(2s)| =const. (1+ I tl"“‘)y’ foro= —6& by Lemma 9.2.

(s —1(s—1/2)y1 I‘(sr;(s)l/Zz{(zs — 1)| < const. (1 + | tl“"")yl“'
1 b
forez —— —
2 2

by Lemma 9.2 and Sterling’s formula. Combining these inequalities with
Lemmas 9.1 and 9.4 proves Lemma 9.5.

Let £ denote a fundamental domain for the modular group in the upper
half plane. For the sake of definiteness let Q) be defined by

1 1
(9.5) -5 <#s |r| = |=+iy| = 1.
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DerFiNITION 9.1. Let 4 denote the class of all complex valued functions

h(7) defined in the upper half plane of complex numbers r =x+1y, y >0 which
are

(i) indefinitely differentiable in x and ¥,

(ii) (A%B)(7) =O0(y~7) for all non-negative integers j and p as y—+ o uni-
formly in x where

9? 9?
(96) A= —yz('a—xz'+ '5;)
(iii) A(r) is invariant under the modular group, i.e.,
B(Mur + M)/ (Mar + Ma)) = h(r)

for any integers M. with My Mo — My My =1.

(iv) [[fah(r)$.(1)dxdy/y?*=0 for all =0, 1, 2, - - -
where ¢o=constant, @1, @s, + -+ - are the eigenfunctions in the point spectrum
of A acting on Ly(Q; y %dxdy): Adn=AuPsn, M=0<N=ZEN=Z - - -, ¢Pn
E Ly, (Q; y~dxdy).

Let B denote the class of all complex valued functions H(s) of a complex
variable s =041t such that

(I) (s—1)H(s) is an entire function of s,

(II) 7 T'(s)H(s)=m"T{1 —s5)H(1—5s),

(I1T) (s——l)H(s)=O(|t|“P) for all p as It‘——)oo, uniformly for ¢ in any
finite interval.

LEMMA 9.6. If k(1) EA, then H(s)=[[ah(r)E(r, s)dxdy/y*EB.
Proof. By the definition of A and Lemma 9.5 we have
| A(x)(s — 1)E(r, s)| = const. yry*(1 + | ¢|")
for all p and some r, if r&€Q. Thus
1+ [
|y |o=r

Hence [[oh(r)(s—1)E(r, s)dxdy/y? converges uniformly in s if s varies over
a compact set. Therefore (s—1)H(s) is entire in s. Moreover H(s) clearly
satisfies the same functional equation as E(r, s). Thus H(s) satisfies (I) and

(I1) in the definition of B.

To verify (III) note that (9.7) implies
(9.8) | s — DH(@)| = const.l(1 + [ ¢]7.

Now (A%h)(r) =hij(r)EA whenever h(r)EA where A is defined by (9.6).
Moreover (A‘E)(r, s) =si(1 —s)?E(r, s) hence

fﬁﬁmﬂngﬁ?

9.7 | k(r)(s — 1)E(r,s)| < const.

= si(1 — s)H(s).
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Now apply (9.8) to k;(r) instead of (7). We have
| si(1 — s)71H(s)| < const.,;(1+ |1]7)
for one suitable 7, and all positive integers j. Therefore H(s) satisfies also
(I1I). This proves Lemma 9.6.
Lemma 9.7. E(r, s)=E(r, 5) for all s (#1). Hence
E(r, 1/2 + it) = E(r, 1/2 — if).

Proof. For Rs>1 the equation E(r, s) =E(r, 5) follows at once from the
convergence of the Dirichlet series Zy'! Mr+N | —2, for all other s (1) by
analytic continuation.

Now put, for H(s)EB

H(s)y'~
9.9) H(y, s) =W;
I'(l/2 —s 1—2s
(9.10) Hy(y, 5) = 72 I(‘({ — s))H(s) ((Zg-s()g‘(Z —)23) ye.
Now we use Riemann’s functional equation for {(2s), i.e.,
t(1—25) 2tegis
£(2s) - sin wsT'(1—2s)
and get
T(1/2 —s) 2-%g8/2=2s  H(s)y*
Hy(y, s) = ;
I'l—sr(1 —2s) sinws §(2—25)
_TOTQ2=9) L HEY
(1 — 2s) £(2 — 25)
Now we use
T(1 — 2s5) = — 2sT(—2s) = — 25221127 (—5)I'(1/2 — )

and get

=20 (s) H(s)y* _ w12 (s)H(s)y*

1 2V, S) = — N .
O b = Ty ta 29 T TA = e - 29

On the other hand
_BA-sy TG HEy
(2 — 2s) 'l —s) ¢(2—2s)

using the functional equation for H(s). This proves

Hl()', 1 - S)
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LeEMMA 9.8. If H(s) satisfies the functional equation (I11), then Hyi(y, 1—s)
=}I2(y, S).

LeMMA 9.9. If H(s) EB, then for any real number r>0, [romnHi(y, s)ds

= [Romtj21-H1(y, $)ds and [ree1pHo(y, $)ds = [remijo—rHo(y, s)ds. All integrals
exist absolutely.

Proof. By hypothesis H(s) is rapidly decreasing along any vertical line.
Also by Lemma 9.2 (1/¢)(1+it) =0(t), hence [rem1/2Hi(y, s)ds converges ab-
solutely. Since H.(y, 1/2—it) = Hy(y, 1/241t), the same is true for Hy(y, s).
Moreover for fixed ¢>1/2 the function (1/¢)(2+42it) is bounded in ¢, so
that [Rre124-Hi(y, s)ds converges absolutely for any 7 20. Hence using again
Hy(y, 1 —s) =H(y, s) (Lemma 9.7 above) we see that [rem1/2—+Hs(y, s)ds con-
verges absolutely for any »=0.

The equality of the integrals containing H;(y, s) follows from the fact
that in the strip 1/2 £ Rs =1/2+r the function Hy(y, s) is for each fixed y>0

regular analytic in s and rapidly decreasing in ¢ uniformly in ¢. Similarly for
Hy(y, s).
Now put

(9.12) ki(y) =f H;(y, s)ds forj =1, 2.
Rs=1/2

LeEmMA 9.10. If H(s) EB then hj(y) =0(y~?) as y—-+ « for all p>0. The
above integral converges absolutely and uniformly in y for 0<e<y=1/e.

This is an immediate consequence of Lemma 9.9 and the above properties

of Hi(y, s).
Now put

‘ B _ ds )
(9.13) hi(r) = fR ’_mH(s)R(-r, 1—5) __| 29 |2

Then we have

LeMMA 9.11. If H(s) EB then hs(v) =0(y~?) as y—>+ o for any p>0. The
integral converges again absolutely and uniformly in v for 0 <e<y=1/e.

This follows from Lemmas 9.2 and 9.4 and condition (III) in the definition
of the class B.
Finally we have

LeEMMA 9.12. If H(s)EB then [re;nH(s)E(, l—s)lf(Zs)I—zds satisfies
conditions (i), (ii) and (iii) of Definition 9.1 above.

Proof. Put k() =hi(r) +he(r) +hs(r). Then by the definition of %;(r) and
Lemma 9.1 we have
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) ds
s ——— Y
| ¢(25) |2

Since E(r, s) is for each fixed s#1 an invariant function of 7 under the modu-
lar group, this shows that 4(7) satisfies condition (iii) in the Definition 9.1 of
the class A.

By Lemmas 9.10 and 9.11, the integral (9.14) converges uniformly in 7
for 7 in any compact subset of the upper half plane. Now AE(r, s) =s(1 —ys)
-E(r, s), hence

9.14) h(r) = fR HQEG, 1 -

ds

H(s)A'E(r,1 — §) ————
ch—l/2 © ( ) I $(29) |2

ds
—_ 1 —_ l — —_—
fm_ms (= 9 HO B 1 = 9 oo
converges uniformly in 7 for 7 in compact sets, because s(1 —s)'H(s) €B for
any integer /=0 whenever H(s) €B. This proves that 4(r) is indefinitely
differentiable (A being elliptic) and (A%)(7) is equal to the last integral. This
proves that k(r) satisfies condition (i) of the definition of the class A. Con-
dition (ii) is satisfied because on applying Lemmas 9.10 and 9.11 with
s{(1—s)'H(s) instead of H(s) we see that (A's)(r) =0(y~?) for all p and I>0

as y—-4 «.

Let ¢, ¢1, - - - be again the eigenfunctions in the point spectrum of A

acting on L:(Q; y~%dxdy) introduced above. We normalize them so that

dxdy
y2
and ¢o(7) constant. A result of Roelcke [1] states that

= 5,-1

LW%M

¢i(x + 1y) = O(y°) as y — 4+ o« for some constant c.
We shall prove

LEMMA 9.13. Given any real number p>0, then there exists a constant c,
independent of x such that

| (1) | < ol 4+ | ;| @+ 012y for y = 1.

Proof. Using the above result of Roelcke, we see that our ¢; satisfy the
assumptions which Maas [1] makes about his “automorphic wave-functions.”
Hence we may use formula (61) of Maas [1] which states that for #5%0 and
j=0

1/2
¢i(x + iy)erivady = Co 92K )2 | 1| 9)

-1/2

where the C, ; are constants and 1/447; =\;. By Schwarz’s inequality
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| CoioKaor | n )] = [

172
| $i(x + i) |2dx,
1/2

0

© d 1/2 dxd
|c,.,j|2f | Kapy(2n|n| 9 22 = f | 6;(x + y) |2 xzy
1/|n| y 1lnl Y —1/2 y

Now the number of fundamental domains of the modular group which inter-
sect the rectangle —1/2=5x<1/2, l/lnl <y is O(n). Hence

©  dady
[ lea+iml =2 = oo
1in| v —1/2 Y

uniformly in j=1.
On the other hand, it is known that

© dy *© d
[ Iggerlalnl 2= [ | Knem 22
1/|n| y 1

e—arlril
T 2
(1 + Ir:-l)

| Cn.il éc'inl(l-l-—;' lrjl)e*"i”zfor |n| >0andj > 0.

where ¢ is a constant. Hence

Now according to Maas [1] one has for j#0,
¢J'(T) = Z C,‘,,'Ki,.’.(27r| nl y)e2‘n’nz.

n%0

Let us use Lemma 9.3, and we see that

lein | = X lnl(”% In|>e""'”2cp<l n| y)yre il + | ri7)
nx0
=y (L + |l 2 [
nz0

This completes the proof of Lemma 9.13.
Combining the above with Satz 17 of Roelcke [1] (which states that
> l)\j\ —2 is convergent) we obtain
COROLLARY. If a; is any rapidly decreasing sequence of complex numbers,
i.e., a;=0(j"?) for any real p, then
2 a;$(r)
j=1

satisfies conditions (i), (ii) and (iii) in the definition of the class A.

Conversely, if k() satisfies (i), (ii) and (iii), in the definition of the class
A, then
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[f HE)
as j—- .

Let us now drop the assumption (iv) in the definition of the class A.

DEFINITION 9.2. Let U be the direct sum of the constants with the space
A" of all those functions h(7) defined in the upper half plane r=x-+idy, y>0
which satisfy conditions (i), (ii) and (iii) in the Definition 9.1 of the class A,
and

Y _ oG

dxd
y

2

(ivo) f f h(r)y2dxdy = 0.
o
We topologize %' by means of the semi-norms
(9.15) sup | y2(ath)() |, p=0,1,2---
TE

It is readily verified that ¥ is a metrizable complete locally convex topo-
logical vector space, i.e., % is a Frechet space.

LEMMA 9.14. Let h(v) €N and put H(s) = [[oh(r)E(r, s)y~2dxdy. Then

lim (s — DHE) = % f foh(r)y“zdxdy.

Proof. By Lemma 9.1 we have
(s —1/2)

lim (s — 1)E(r,s) = lim [y‘g‘(Zs) + yloogli2
s—1 31 I'(s)

T e e = -

£2s — 1) + R, s)]

1/2

=w

Now if &(7) is orthogonal to the constants then &(r) =0(y~?) for every p by
definition of A and (s —1)E(r, s) = O(y") for some 7 if s is in a compact set by
Lemma 9.5, so that (s—1)k(r)E(r, s) is bounded if s is in a compact set.
Moreover [[oy~?dxdy < » as is well known and readily verified. Hence we
may apply the Lebesgue convergence theorem and obtain the assertion of
Lemma 9.14, if k(7) is orthogonal to the constants. If A(r) is constant,
Lemma 9.4 is readily verified.

We now introduce the space B:

DEFINITION 9.3. Let ¥ be the set of all pairs {H (s), a;} where H(s) is in
the class B of Definition 9.1 and @, (=0, 1, 2, - - - ) an arbitrary rapidly de-
creasing sequence, satisfying

(et
2312

(9.16) lim (s — )H(s) =

ap.
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We topologize 8 by means of the semi-norms

9.17) max {(1+ lth)I(l—-s)H(s)I}, m?x{(1+j)'|aj|}

lo—1/2|5q

for any positive p, g, . Again B is a Frechet space.
Let us now consider the mapping

(9.18) h(z) = {H(s), o}

where
H(s) = f fnh(T)E(T, s)y *dxdy

and

o= [f KOy ndy.

THEOREM 9.1. The mapping (9.18) is a topological isomorphism of the
topological vector space N (of Definition 9.2) onto the topological vector space B
(of Definition 9.3).

Proof. The mapping (9.18) is clearly linear. By Lemmas 9.6 and 9.14,
and the corollary after Lemma 9.13, (9.18) maps % into 8. Now we use the
result A. Selberg (Lectures, Institute for Advanced Study, 1954-1955) and
W. Roelcke [1, (140)] that (9.18) isa unitary mapping of L2(Q: y~?dxdy) onto
the direct sum of L*(Rs=1/2; ds/ | §(2s)| %) with Hilbert space /? of all square
summable sequences a;. Thus if {H (s), a;} €D then its inverse image under
(9.18) is given by

ds
©19) W)= [ HOBG1- 9o+ T e,
Rem1/2 le@) ] o

Now we apply Lemmas 9.12, 9.14 and the corollary to Lemma 9.13 and con-
clude that (9.18) maps 2 one-one onto B as follows: suppose H(s)EB and
put k(7)) = [rem1pH(s)E(7, 1 —5) ‘ £(2s) l'—zds, repeat the argument used in the
proof of Lemma 9.12. One finds that A!(r)4acEY (where the additional
term ao comes from the residues at the poles s=0 or 1 obtained by shifting
the line of integration as in the proof of Lemma 9.9). It follows that A(7) as
defined by (9.19) is contained in .

Since the topology of U is stronger than that of L2(Q: y~*dxdy) we con-
clude that (9.18) is a closed mapping of ¥ onto B. Since A and B are Frechet
spaces, the closed graph theorem applies (see Bourbaki [1]) so that (9.18) is
continuous in the topologies of A and B. The continuity of the inverse of
(9.18) follows in the same way. This proves Theorem 9.1.
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COROLLARY. Let s be any fixed complex number %1, 0, —1, —2, - - -.
Then E(r, s) s not identically zero in 7.
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